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ABSTRACT 

Solu t ions  t o  the k i n e t i c  equat ion of a s teady,  homo- 
geneous plasma of a r b i t r a r y  degree of i o n i z a t i o n  subjec ted  
t o  s t rong  e l e c t r i c  f i e l d s  are developed. Nonelast ic  as w e l l  
as e l a s t i c  encounters  a r e  included i n  t h e  ana lys i s .  Expres- 
s i o n s  for the c u r r e n t  dens i ty ,  e l e c t r i c a l  conduct iv i ty  and 
e l e c t r o n  temperature of the plasma are a l s o  presented. Numer- 
i c a l  r e s u l t s  a r e  i l l u s t r a t e d  f o r  t h e  case  when the n o n e l a s t i c  
e f f e c t s  are neglected.  Calcu la t ions  a r e  presented showing 
t h e  t r a n s i t i o n  of t n e  i s o t r o p i c  p a r t  fo of t h e  d i s t r i b u t i o n  
func t ion  from a gas-temperature Maxwellian a t  near  equi l ibr ium 
c o d i t i o n s  t o  an electron-temperature  Maxwellian under nnfi- 
e q u i p a r t i t i o n  condi t ions.  It was found that whenever t h e  
e l e c t r o n - e l e c t r o n  t o  e lec t ron-neut rd l  col l is ion-frequency 
r a t i o  w a s  much g r e a t e r  than t h e  electron-to-heavy-part ic le  
mass r a t i o ,  f o  i s  Maxwellian. When fo  is  Maxwellian, 
t h e  Chapman-Enskog and Spitzer-&rm conduct iv i ty  expressions 
develoFed f o r  the  case  of weak e l e c t r i c  f i e l d s  a r e  shown t o  
be appi icable  f o r  s t rong  e l e c t r i c  f i e l d s  providing t h a t  i n  
t h e s e  expressions t h e  e l e c t r o n  temperature rep laces  t h e  gas  
temperature. A n  approximate form f o r  f o  znggested by 
GinzSurg i s  compared w i t h  t h e  exac t  expression.  The accuracy 
of t'le use o f  a Maxwellian r a t h e r  than the nonequilibrium 
d i s t r i b u t i o n  f u n c t i o n  i n  t h e  c a l c u l a t i o n  o f  the  e l e c t r i c a l  
conduct iv i ty  i s  assessed.  

iii 
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This  i s  a 
nomenclature. 
where they are 
l o c a l  w i l l  n o t  

N31UIENCLAWRE 

p a r t t a l  a l p h a b e t i c a l  l i s t i n g  of ' the p r e s e n t  
A l l  symbols are def ined l o c a l l y  i n  t h e  t e x t  
first used. Some symbols whose use remains 
be found on t h i s  fist.  

An at tempt  has  been made t o  keep t h e  nomenclature 
phenomenologically familiar. T h i s  e f f o r t  has  r e s u l t e d  i n  
what may appear t o  be a d~ouble meaning f o r  a few of t h e  
symbols. I n  any apparent  c o n f l i c t  of d e f i n i t i o n s ,  local  
usage of t h e  term should leave  no doubt as t o  t h e  intended 
meaning. 

L a t i n  L e t t e r s  

As Dimensionless f i e l d  s t r e n g t h  parameter. 

C o e f f i c i e n t  of i s o t r o p i c  d i s t r i b u t i o n  funct ion.  , 

[See Eq. ( 5 3 ) .  1 
C o e f f i c i e n t s  of  Eq. (52) .  [See Table I and 
Eqs. (48) and (51).$ 
S i m p l i f i c a t i o n s  of a ( v ) ,  b v) ,  and c ( v ) .  
[See Eqs. (651, ( 6 6 ) ,  and (67 ) .  1 
Function def ined by ( 6 3 ) .  
Impact parameter f o r  a 90' Cculomb d e f l e c t i o n .  

Speed of l i g h t .  
Function descr ib ing  anisotropy of d i s t r i b u t i o n  
func t ion .  [See Eq. (33)  and Appendix B. 1 
E l e c t r i c  f i e l d  v w t o r ,  magnitude. 
C r i t i c a l  e l e c t r 3 c  field f o r  runaway. 
Ec E 0.427 no(mt./c)r,,8, 

E lec t ron  o r  dbdoluic  magnitude of i t s  
e l e c t r l c a l  c ) ~ n ~ * g e .  

Nonelast ic  c o l l i s i o n a l  "gain" term. 
def ined by Eq. (A-87). 
Funct ions used t o  represent  t h e  c o n f r i b u t i o n s  
t o  Fm wMch resul t  from i o n i z a t i o n  and 

FNE is FNE 

FIJJ VI f 

* R p  recombination. [See Appendix A.II.B.1 

fe,fA,fe E l s c t r o n  v e l o c i t y  d i s t r i b u t i o n  funct ions.  

(Subscr ip t  m def ined below.) 
Veloc i ty  d i s t r i b u t i o n  f u n c t i c n s  for heavy 
p a r t i c l e s .  (Subscr ip t  h def ined below.) 
I s o t r o p i c  an8 a n i s o t r o p i c  p a r t s  of  d i s t r i -  
but ion f u n c t i o n  f o r  e l e c t r o n s  wi th  speed v. 
I s o t r o p i c  and a n i s o t r o p i c  p a r t s  of  d i s t r i b u t i o n  
f u n c t i m  f o r  e l e c t r o n s  with speed 
Elec t ron  temperature MaxwellIan d i s t r i b u t i o n  
func t ion  f o r  e lec t rons .  

4 4 
Dl f e  = f e ( v , t ) ,  f; E f e ( 3 , t ) ,  f f fe (vm, t )  

fh ,  f l h  

f O ,  f1 

f;, f;t, 
vm . 

Po 

P s ne(T) 8, 3/2 exp(-Bev 2 

2; Gas temperature Maxwellian d i s t r i b u t i o n  
f u n c t i o n  for e l e c t r o n s .  

3/2 POT 5 ne($) 

(61) * I 

exp t+v2)  

fol Approximate r e p r e s e n t a t i o n  f o r  fo . [See Eq. 

3 Center-of-mass ve loc i ty .  (See Appendix A.I.B.) 
Rosenbluth p o t e n t i a l  func t ion  assoc ia ted  wi th  
t h e  d i f f u s i o n  c o e f f i c i e n t  of tho Fokker-Planck 
equation. (Appendix A.I.) 
R e l a t i v e  v e l o c i t y  def ined by 

G(v) 

gh + gh 2 17 - Vhl  . 
R e l a t i v e  v e l o c i t y  def ined by 

+ +  gmh 

P o w  
H Parameter assoc ia ted  w i t h  Saha equat ion.  

gmh E I'm - vhl 

Function def ined by Eqs. (62) and (64). 

e 

i x  

v i i i  



Rosenbluth p o t e n t i a l  func t ion  assoc ia ted  wi th  
t h e  f r i c t i o n  c o e f f i c i e n t  of the  Fokker-Planck 
equation. (Appendix A.I.) 

H(v) 

h Planckl s cons tan t .  

p v 2  

In(x)  

I n t e g r a l  expression def ined by Eq. (A-58). 

I n t e g r a l  expression def ined by Eq. (B-9). 

PYV1 
\ 

I J I  
J e  
k 

me 
mh 
*O'%1 

"e "h 
0 

Spec i f ic  i n t e n s i t y  of v j j - rad ia t ion  i n t e g r a t e d  
over a l l  s o l i d  angles .  

Jacobian of  a t ransformation,  u s u a l l y  def ined 
l o c a l l y .  
E lec t ron  c u r r e n t  dens i ty .  [See Eq. ( 4 ) . ]  
Boltzmannls constant .  
E lec t ron  mass. 
Mass of heavy p a r t i c l e .  
Normalization cons tan ts  f o r  t h e  d i s t r l b u t l o n  
funct ion.  
Number d e n s i t i e s :  e l e c t r o n s ,  heavy p a r t i c l e s .  
Order of magnitude symbol. 
Function used i n  approximating Fm . [See 
Eq. (131.1 . 

Z(v,,) = C P b j j )  

n 
PiJ (g, ) D i f f e r e n t i a l  c r o s s  s e c t i o n  for r a d i a t i v e  

n.8 n.8 capture .  [See Eqs. (A-38) and (A-39).] 
C o e f f i c i e n t s  used i n  d i f f e r e n t i a l  equat ion 
d e s c r i b i n g  D(x) . 

Legcndre polynomial of  order  m. ISee Eq. 
(A-51) 1 Pm( u) 

P Tota l  pressure  of plasma. 

Te 
Th 
T 

t Time. 

Elec t ron  temperature, def ined by Eq. ( 6 ) .  
Temperature of heavy p a r t i c l e s .  
Approximate e l e c t r o n  temperature descr ibed 

eM i n  Sec t ion  V.D. 

X 

V ¶  vm E l e c t r o n  speeds. 
VD Elec t ron  d r i f t  speed. 
-4 E l e c t r o n  v e l o c i t y  def ined by [v m' + XmmI I .  

(See Appendix A.I.B.) m m r  V 

-t Veloc i ty  of heavy p a r t i c l e .  

x, Xh 
Vh 

Parameters, assoc ia ted  wi th  t h e  degree of 
ion iza t ion ,  def ined i n  Sec t ion  111. 
Dimensionless e l e c t r o n  speed v a r i a b l e  used 
i n  d i f f e r e n t i a l  equat ion descr ib ing  D(x). 
Parameters, assoc ia ted  with the  s t r e n g t h  of 
t h e  appl ied  f i e l d ,  def ined i n  Sec t ion  111. 

X 

y, 'h 

Greek L e t t e r s  
"j C o e f f i c i e n t s  f o r  spontaneous and induced 

r a d i a t i v e  capture .  [See Eq. (A-39). 3 

Parameters assoc ia ted  with heavy p a r t i c l e  
and e l e c t r o n  temperatures. 

i a 

' i n j  

B 9  Be 
m m 

2kTh 2kTe B Z - 2 -  - Be t e 
Parameter assoc ia ted  w i t h  Coulombic encounters. 

re, 5 + an ii 
"'e 

4 ree 

Magnitude of the f o r c e  per  u n i t  mass f e l t  by Y J  Yc 
an e l e c t r o n  due t o  an e x t e r n a l  e l e c t r i c  f i e l d .  

E x c i t a t i o n  or i o n i z a t i o n  p o t e n t i a l  assoc ia ted  

(A-20), and (A-36). J 
Anj.8 w i t h  a p a r t i c u l a r  t ransac t ion .  [See Eqs. (A-2), 

6 

6h  

E f f e c t i v e  mass r a t i o  def ined by Eq. (A-54). 
lvlass r a t i o  def ined by 

XI 



Value of 6 for a f u l l y  ion ized  o r  very 
weakly ion ized  plasma. 
D e l t a  m n c t l o n  def ined ln Appendix A.I.B. 

Azimuthal “ s c a t t e r i n g “  angle  fol lowing an 
encounter. 
Parameter def ined by 

Cosines of c o - l a t i t u d s  a s l e s  subtended by 
e l e c t r o n  v e l o c i t i e s  v, vm and t h e  e lectr ic  
f i e l d .  
Reduced mass, def ined  by 

=- e in - me’% . 
J b in  - me+ m ; bn - m +mn P i  = -  

I 1, e 
me+m 

1. 

Frequency assoc ia ted  wi th  e x c i t a t i o n  p o t e n t i a l  
f o r  a p a r t i c u l a r  i n t e r a c t i o n .  

Dimensionless parameter def ined i n  Sec t ion  1x1.-- 
R a t i o  of the  Debye length  t o  t h e  average impact 
parameter f o r  a 900 Coulomb d e f l e c t i o n .  

A 
IT 

Radiat ion frequency assoc ia ted  w i t h  photo- 
i o n i z a t i o n  encounter. 
E lec t ron-e lec t ron  c o l l i s i o n  frequency. 

Vee E neree/v3 

VEn E v z l/hn 

VEh E ”/AE 

Elec t ron-neut ra l  c o l l i s i o n  frequency. 

n 
E l a s t i c  electron-heavy p a r t i c l e  c o l l i s i o n  
frequency. 

C o l l i s i o n  f requencies  assoc ia ted  w i t h  non- 
e l a s t i c  encounters. 

f hd(e2/3kTe) 
Debye- length.  

kTe 1/2 
P (--- 4mee 2) vEr: 

Overal l  mean free pa th  f o r  momentum t r a n s f e r .  
[See Eq. (A-90). 1 
Mean free pa ths  f o r  momentum t r a n s f e r  as a 
r e s u l t  of e l a s t i c  encounters. [See Eqs. ( A - 5 5 ) ,  
(A-561, and (A-57). 1 
E f f e c t i v e  mean f r e e  pa th  f o r  momentum t r a n s f e r  
as a r e s u l t  of n o n e l a s t i c  encounters. [See 
Bq. (A-89). 1 
E f f e c t i v e  mean f r e e  pa th  f o r  n o n e l a s t i c  processes  
as r e l a t e d  t o  i s o t r o p i c  e f f e c t s .  [See Eq. (A-88). ] 

‘Eh 

0 
‘NE‘ “NE 

C o l l i s i o n  f r e  uency used in-  F r o s t  conduct iv i ty  
expression.  ?See Eq. (38). ] 

Radiant energy d e n s i t y  a t  frequency 

E l e c t r i c a l  conduct iv i ty  def ined by Eqs. ( 5 ) ,  
(38), and Sect ion V.C. , respec t ive ly .  
Angular d i s t r i b u t i o n  func t ions  assoc ia ted  wi th  
e l a s t i c  e l e c t r o n - n e u t r a l  and e lec t ron- ion  
d i f f e r e n t i a l  c o l l i s i o n  c r o s s  sec t ions .  
Angular d i s t r i b u t i o n  func t ions  assoc ia ted  
wi th  i n e l a s t i c  and s u p e r e l a s t i c  d i f f e r e n t i a l  
c r o s s  s e c t i o n s .  
D i s t r i b u t i o n  func t ions  assoc ia ted  wpith . 
i o n i z a t i o n  and three-body recombination c ros s  
sec t ions .  

“ j  - , h , Effec t ive  mean f r e e  pa ths  f o r  momentum t r a n s f e r  
assoc ia ted  wi th  i n e l a s t i c  and s u p e r e l a s t i c  c o l -  
l i s i o n s .  .. (See Appendix A. 1I.B. 1. ) 

‘“jk “0 i XIS1, 

‘In, 9 A Ink 

Effec t ive  mean free pa ths  f o r  momentum t r a n s f e r  
A I R , /  iII assoc ia ted  wi th  i o n i z a t i o n  and three-body re- u -  

combination encounters .  (See Appendix A,II.B. 2. ) 

%ecQjy ’Ionj I a 
J 

Effec t ive  mean f r e e  p a t h  def ined i n  Appendix 
A.II.B.3. 

x i i  

I 

x i i i  



n 

S u p e r s c r i o t s  
1' 

I )O 

S u b s c r i p t s  
e 
m 

i 
n 

"j' "k 
in 

h 
E 

NE 

E r r o r  funct ion.  @(x) I e r f ( x )  
Angle of "def lec t ion"  of e l e c t r o n s  wi th  
speed v, vm . ... 
Angle betwee3 r e l a t i v e  v e l o c i t y  vec tors  
g and g . 
3'ne In8 

Radia t ion  d i s t r i b u t i o n  func t ion  assoc ia ted  
w i t h  t h e  p r o b a b i l i t y  of  photoionizat ion 
encounter. 
S o l i d  angle used i n  descr ib ing  p a r t i c l e  
d i r e c t i o n .  
Degeneracies assoc ia ted  wi th  s t a t e s  of  an 
atom (&,, %) and i t s  i o n  ( m a ) .  . 

Quanti ty  evaluated before  an inverse  c o l l i s i o n .  
I s o t r o p i c  p a r t  of a quant i ty .  
Anisotropic  p a r t  of a quant i ty .  

Electron.  
I n d i c a t e s  a s s o c i a t i o n  wi th  e l e c t r o n  of 
speed vm . I n  text m = 0,1,2,3,4. 
I n d i c a t e s  a s s o c i a t i o n  with e l e c t r o n  of 
speed vmI . m 1  # m 
Ion. 
Neutral  s p e c i e s  of type n I Neutral  p a r t i c l e s .  
Neutral  p a r t i c l e s  of type n i n  s t a t e s  j, k . 
Ion assoc ia ted  w i t h  type n neut ra l .  
Ion, assoc ia ted  w i t h  type n n e u t r a l ,  i n  
s ta te  e . 
Heavy p a r t i c l e .  
Refers  t o  q u a n t i t i e s  assoc ia ted  w i t h  e l a s t i c  
encounters. 
Refers t o  q u a n t i t i e s  assoc ia ted  with n o n e l a s t i c  
encounters. 
Refers t o  center-of-mass coordinates .  
Refers t o  states o f  a n e u t r a l  p a r t i c l e  (j,k) 
and i t s  ion  ( e ) .  
Refers t o  phenomena involving t r a n s i t i o n  
between states indica ted .  

h = i ,n ,n  j ,n  k' i n' i ne. 

x i v  

Ex 

( )Exj..lc 
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I n d i c a t e s  assoc ia t ion  wi th  i n e l a s t i c  and super- 
e l a s t i c  encounters. 
Refers  t o  p a r t i c u l a r  nonelas t ic  encounter 
and i t s  inverse  which r e s u l t s  i n  t h e  n e u t r a l  
spec ies  s ta te  changing between j and k . 
I n d i c a t e s  a s s o c i a t i o n  wi th  c o l l i s i o n a l  ion iza-  
t i o n  and three-body recombination encounters  
I n d i c a t e s  a s s o c i a t i o n  w i t h  photo ioniza t ion  and 
two-body recombination encounters. 
Refers t o  p a r t i c u l a r  nonelas t ic  encounter and 
i t s  inverse  which r e s u l t s  i n  t h e  heavy p a r t i c l e  
changlng between a n e u t r a l  i n  s ta te  j and an 
ion  i n  s ta te  .8 . 
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I. INTRODUCTION 

The accura te  p r e d i c t  ion  of t h e  e l e c t r o n  temperrstme, 
e l e c t r i c a l  conduct iv i ty ,  and o t h e r  p r o p e r t i e s  i n  a p a r t i a l l y  
ionized plasma with d i f f e r i n g  e l e c t r o n  and heavy-part ic le  
mean energ ies  rests on a knowledge of t h e  e l e c t r o n  d i s t r i b u -  
t i o n  func t ion .  Of p a r t i c u l a r  i n t e r e s t  are condi t ions  under 
whioh depar tures  occur from a Maxwellian foxm for t h e  i s o t r o p i c  
p a r t  of t h e  d i s t r i b u t i o n .  This problem has been t r e a t e d  i n  
var ious  degrees  by o t h e r  This t reatment  
p a r a l l e l s  these  i n v e s t i g a t i o n s  somewhat, the  main d i f f e r e n c e s  
being t h e  plasma condi t ions  and a p p l i c a t i o n s  considered, t h e  
t reatment  of t h e  nonelas t ic  i n t e r a c t i o n s ,  and the  d e t a i l e d  
r e s u l t s .  

The purpose of t h e  present  s tudy i s  t o  f i n d  s o l u t i o n s  
t o  t h e  k i n e t i c  equat ion of a plasma of a r b i t r a r y  degree of 
i o n i z a t i o n  when subjected t o  var ious  e l e c t r i c - f i e l d  s t r e n g t h s .  
To t h i s  end the  e l e c t r o n  Boltzmann equat ion is formulated f r r  
a s p a t i a l l y  uniform plasma, composed of monatomic n e u t r a l s ,  
i o n s  and e l e c t r o n s ,  i n  a s t rong  e l e c t r i c  f i e l d .  The Fokker- 
Planck c o l l i s i o n  opera tor  i s  used f o r  t h e  e lec t ron-e lec t ron  
i n t e r a c t i o n s ,  and t h e  Boltzmann c o l l i s i o n  opera tors  a r e  used 
f o r  t h e  electron-heavy p a r t i c l e  encounters .  Col lec t ive  os- 
c i l l a t i o n s  r e s u l t i n g  from long-range charged-par t ic le  i n t e r -  
a c t i o n s  w i l l  be assumed absent .  Nonelast ic  as w e l l  as e las t ic  
c c l l i s i o n s  a r e  considered. The r e s t r i c t i o n  t o  monatomic 
heavy p a r t i c l e s  manifests  I t s e l f  only i n  the  type of non- 
e l a s t i c  encounters  allowed. 

For t h e  case of e l a s t i c  c o l l i s i o n s  only, i n  a d d i t i o n  to  
f i n d i n g  t h e  d i s t r i b u t i o n  func t ion ,  t h e  t r a n s i t i o n  of its i so-  
t r o p i c  p a r t  from t h e  weak-ionization l i m i t  t o  the  Maxwellian 
form i s  i l l u s t r a t e d  a n a l y t i c a l l y  and numerically. Calculated 
e l e c t r i c a l  c o n d u c t i v i t i e s  have been compared wi th  the  experi-  
mental resul ts  of Kerrebrock and Hoffman' and Cool and Zukoski7 
with good agreement. Under the  conditiolis of these  experiments, 
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no s i g n i f i c a n t  depar tures  from a Maxwellian form f o r  t h e  
i s o t r o p i c  p a r t  of the  d i s t r i b u t i o n  a r e  pred ic ted  by the  numer- 
i c a l  s o l u t i o n s .  

or i o n i z e  t h e  n e u t r a l  p a r t i c l e s .  
a r e  u s u a l l y  considered only as a poss ib le  cont r ibu t ion  t o  
t h e  energy l o s s e s  from a plasma v i a  subsequent r a d i a t i o n ,  
w i l l  be shown t o  c o n t r i b u t e  t o  the  c a l c u l a t i o n  of the  i s o t r o p i c  

and a n i s o t r o p i c  p a r t s  of t h e  d i s t r i b u t i o n  func t ion .  

sec t ions :  In Sect ion  I1 the  b a s i c  equat ions  and t h e i r  r e -  
s t r i c t i o n s  a r e  out l ined .  
magnitude a n a l y s i s  of these equat ions.  
of these  equat ions with and without nonelas t ic  e f f e c t s  a r e  
presented i n  Sec t ion  I V .  
a r e  given i n  Sec t ion  V along with some approximate forms f o r  
t h e  i s o t r o p i c  p a r t  of t h e  d i s t r i b u t i o n  funct ion.  Appendix A 

conta ins  the  d e t a i l s  of the  d e r i v a t i o n  of t h e  b a s i c  equat ions 
o u t l i n e d  i n  Sec t ion  11. A general ized Spitzer-H8rm equat ion 
a p p l i c a b l e  t o  p a r t i a l l y  ionized gases  w i t h  and without non- 
e l a s t i c  encounters  i s  der ived i n  Appendix B. Appendix C 

conta ins  a b r i e f  bu t  adequate d iscuss ion  on t h e  computational 

A t  high e l e c t r o n  temperatures the e l e c t r o n s  can e x c i t e  
These i n t e r a c t i o n s ,  which 

The d e t a i l s  of t h i s  work a r e  presented i n  t h e  fol loNing 

Sec t ion  I11 conta ins  a n  order-of- 
Analy t ica l  s o l u t i o n s  

Resul t s  of t h e  numerical c a l c u l a t i o n s  

procedtlres employed. 

11. BASIC EQUATIONS 

R e s t r i c t i n g  our  t reatment  t o  a s p a t i a l l y  homogeneous 
plasma i n  an e l e c t r i c  f i e l d ,  the e l e c t r o n  v e l o c i t y  d i s t r i b u -  

d e n s i t y  

t i o n  func t ion  f e ( v , t )  -b , normalized t o  t h e  e l e c t r o n  number 

ne , satisfies the  Boltzmann equat ion I n  t h e  form 

I n  t h i s  equat ion 7, the  f o r c e  p e r  u n i t  mass o f  t h e  e l e c t r o n  
due t o  a uniform e x t e r n a l l y  appl ied e l e c t r i c  f i e l d ,  i s  given 
by -e @ne . 
changes i n  fe due t o  e l a s t i c  and n o n e l a s t i c  c o l l i s i o n s .  
The f i r s t  three terms r e f e r  t o  the  e l a s t i c  encounters  between 
e l e c t r o n s  and n e u t r a l s ,  ions,  and o t h e r  f r e e  e l e c t r o n s  respec-  
t i v e l y .  The s u b s c r i p t s  i n d i c a t e  the  type of p a r t i c l e s  i n t e r -  
a c t i n g  w i t h  the  e l e c t r o n s ,  and t h e  sums are over  t h e  var ious 
n e u t r a l  and i o n i c  spec ies  present .  The last t h r e e  c o l l i s i o n  
terms represent  the  n o n e l a s t i c  i n t e r a c t i o n s  considered most 
important i n  collision-dominated monatomic plasmas. These 
r e s p e c t i v e l y  account for 

The terms on t h e  r i g h t  of (1) r e p r e s e n t  t h e  

(1) i n e l a s t i c  and s u p e r e l a s t i c  encounters ,  
( 2 )  i o n i z a t i o n  and three-body recombination encounters, 

and ( 3 )  photo ioniza t ion  and two-body recombination encounters. 
The sums are over  t h e  n e u t r a l  spec ies  p a r t i c i p a t i n g  i n  these  
i n t e r a c t i o n s .  

t o  be Maxwellian a t  t h e  temperature 
heavy p a r t i c l e s  w i l l  be ind ica ted  by the  s u b s c r i p t  
d added t o  t h e  s p e c i e s  s u b s c r i p t .  These s t a t e s  a r e  considered 
t o  be s p e c i f i e d  by t h e  p r i n c i p a l  and t o t a l  angular-momentum 
quantum numbers and degeneracies .  

A l l  heavy-part ic le  d i s t r i b u t i o n  func t ions  a r e  assumed 

Th . The s ta te  of the  

j, k, or 
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Following the  procedure out l ined  i n  Appendix A, t h a t  is ,  

employing a t runca ted  expansion of f e  i n  Legendre polynomials 
and the  s i m p l i f i c a t i o n s  c o n s i s t e n t  with the  small e l e c t r o n  
mass, Eq. (1) with t h e  prev ious ly  ind ica ted  c o l l i s i o n  terms 
can be w r i t t e n  a s  t h e  fol lowing coupled equat ions fo r  t h e  iso- 
t r o p i o . p a r t  f o  and t h e  a n i s o t r o p i c  p a r t  f1 of t h e  e l e c t r o n  
d i s t r i b u t i o n  funct ion:  

The e l e c t r o n  d i s t r i b u t i o n  func t ion  i s  r e l a t e d  t o  fo and f1 

0 1 by 
fe(;'.t) = f ( v , t )  + pf (v,t) 

-) 4 

where p i s  t h e  cosine of the  angle  between v and E. This  
formulat ion is v a l i d  f o r  
magnitude of t h e  e l e c t r o n  d r i f t  v r l i c i t y  v,, i s  much smaller  
than i ts  thermal speed2'8. 
be r e l a t e d  t o  the  magnitude of t h e  appl ied f i e l d .  

t r o p i c  p a r t s  of t h e  Boltzmann equarion respec t ive ly .  
first two terms of both these  eqilations a r e  the  d i r e c t  resul t  
of applying t h e  t runca ted  Legendre polynomial expansion t o  
t h e  lef t -hand s i d e  of (1). The second term i n  bracke ts  i n  
(2 )  resul ts  from the  i s o t r o p i c  part cf t h e  e l a s t i c  e lec t ron-  

a mean e lec t ron- to-heavy-par t i - le  mas8 r a t i o .  and XE i s  t h e  

mean f r e e  path f o r  e l a s t i c  momentum t r a n s f e r  between e l e c t r o n s  
and heavy spec ies .  6 and hE rare defined by Eqs. (A-54) and 

f1 << fo , which implies  t h a t  tne  

This condi t ion  w i l l  subsequently 

Equations ( 2 )  and (3)  conta in  the i s o t r o p i c  and an iso-  
The 

heavy p a r t i c l e  c o l l i s i o n s .  In this term @ 5 me/2kTh , E i s  

4 

(A-55) of the  appendix. 
correspond t o  t h e  i s o t r o p i c  p a r t  of e lec t ron-e lec t ron  i n t e r -  

right-hand s i d e  of ( 2 )  a r e  the  i s o t r o p i c  c o n t r i b u t i o n s  from 
n o n e l a s t i c  c o l l i s i o n s .  

processes  as r e l a t e d  t o  i s o t r o p i c  e f f e c t s ,  a r e  def ined by 
Eqs. (A-87) and (A-88). 
of (3)  inc ludes  a l l  the  e l a s t i c  and n o n e l a s t i c  c o l l i s i o n a l  
c o n t r i b u t i o n s  t o  the  a n i s o t r o p i c  p a r t  of t h e  Boltzmann equat ion.  
A , t h e  mean f r e e  path for momentum t r a n s f e r ,  both e l a s t i c a l l y  
and n o n e l a s t i c a l l y ,  between e l e c t r o n s  and a l l  t h e  heavy p a r t i -  
c l e s ,  i s  def ined by Eq. (A-90). The last  term i n  (3) is  t h e  
a n i s o t r o p i c  p a r t  of t h e  e lec t ron-e lec t ron  i n t e r a c t i o n  and i s  
def ined by Eq. (A-59). 

e l e c t r i c a l  conduct iv i ty  of t h e  plasma can be obtained from the  
expressions 

The remaining terms i n  t h e  bracke t  

a c t i o n s .  The Ip q,v2 Is are def ined by Eq. (A-58). On the  

and ANE 0 , the  e f f e c t i v e  mean f r e e  pa th  f o r  t h e  n o n e l a s t i c  

J V 1  

FNE, represent ing  a g a i n  of e l e c t r o n s ,  

The f i rs t  term on the  right-hand a i d e  

If f1 i s  known, the  e l e c t r o n  c u r r e n t  d e n s i t y  and t h e  

4 a  OD Je e -n e evD = - e 0 J v3f1dv 

and 

The e l e c t r o n  temperature, given by 
--Fr 

( 4 )  

( 5 )  

will s a t i s f y  the  energy equat ion f o r  t h e  e l e c t r o n  gas .  
t h e  energy moment of (l), o r  equiva len t ly ,  mult iplying the  
i s o t r o p i c  equat ion ( 2 )  by mev2/2 and i n t e g r a t i n g  over a l l  e lec-  
t r o n  speeds v i e l d s  

Taking 

where vEh E and v0 = . NE- 0 
%E 
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. t  

111. ORDER-OF-MAGNITUDE ANALYSIS 
We w i l l  l i m i t  t h e  present  a n a l y s i s  t o  the s teady  s t a t e  

and henceforth n e g l e c t  t h e  time v a r i a t i o n s  i n  Eqs. (2), ( 3 ) ,  
and (7). Equation ( 2 )  can then be i n t e g r a t e d  d i r e c t l y  t o  
g i v e  

V 
= f (FNE - 
0 

Equations (3)  and (7) become 

( 9 )  

*?J& 4rv2dv . (10) 

Our o b j e c t i v e  w i l l  be t o  i n v e s t i g a t e  the s o l u t i o n s  of 
Eqs. ( 8 )  and ( 9 )  i n  var ious  regimes d i f f e r e n t i a t e d  by the  
degree of i o n i z a t i o n  and the f i e l d  s t r e n g t h .  
perform an order-of-magnitude a n a l y s i s  of t h e  coupled equat ions 
f o r  f and f which w i l l  serve t o  assess the  range of v a l i d i f y  
and i l l u s t r a t e  t h e  confluence of t k s e  r e s t r i c t e d  s o l u t i o n s .  
I n  p a r t i c u l a r ,  when cons ider ing  e l a s t i c  c o l l i s i o n s  only, it 
is  p o s s i b l e  to  show t h e  t r a n s i t i o n  of fo between t h e  forms 
a p p l i c a b l e  t o  the  weak and f u l l y  ionized l i m i t s .  

With r e s p e c t  t o  order  of magnitude, we take 
Maxwellian d i s t r i b u t i o n  func t ion  a t  the e l e c t r o n  temperature; 

To t h i s  end we 

0 1 

fo as a 

t h a t  is, 

where Be = me/2kTe . 

Since i n  (8) a l l  of the  e lec t ron-e lec t ron  c o l l i s i o n  terms 
a r e  of the  same order  Of magnitude, w e  r e p l a c e  them by a t y p i -  
c a l  term, namely, the  f i rs t  one, which f o r  
shown t o  be 

0, v 

090 

fo  = f o  can be 

(12)  I = veev3h 

where 

and where vee f neree/v3 is the  e lec t ron-e lec t ron  c o l l i s i o n  
frequency. Under t h e  Yo = f o  approximation, we can r e p l a c e  

a measure of the  i n e q u a l i t y  between the a c t u a l  number d e n s i t i e s  
of t h e  i n t e r a c t i n g  spec ies  and t h e i r  equi l ibr ium va lues  a t  t h e  

A = $(x) - x$l(x) ,  x = J B ~  v, $(x) = err ( x )  

FNE i n  the  nonelas t ic  c o l l i s i o n  terms by 7.9 , where n P i s  

e l e c t r o n  temperature. 4 P is  given by 

The new symbols t h a t  appear i n  t h i s  equat ion have been 
def ined i n  Appendix A; those subscr ip ted  by Eq a r e  the  
equi l ibr ium values  mentioned above. 
t h e  n e u t r a l  s p e c i e s  n , t h e i r  exc i ted  states j ,  k, and t h e  

s t a t e s  a of their  r e l a t e d  ions .  Under quasi-equi l ibr ium con- 

c a t i o n s  we can represent  (8) by 

The summations are over  

d i t i o n s  a t  Te , h P i s  equal  t o  uni ty .  With these  s i m p l i f i -  
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-0 3 
yv2f1 f -0 6v 3 E,&l - 3) + ;O2v,,v3A + 2 [ ( $ - l e  dv . 

7 %E 

(14)  

by the first a e f l  
We t r e a t  ( 9 )  s i m i l a r l y ,  rep lac ing  (T)  

term i n  Eq. (A-59) and using Eq. (A-90) .  Theeresult  is 

f1 
v3f O 

' E h + v N % - 8 " e e ~  

where vNE = v b  . 
The combination of equat ions- (14)  and (15) y ie lds  

2 -0 3 4/3 Be Y 

VEh+vNE-Svee f v  0 %E 
- 6(1- Be + 2duee + -"bJ jv($-l% dv 

(16) 3-0 
where 5 . !Phe l e f t -hand  s i d e  of t h i s  equation, 

which Is propor tkana1  t o  the  square  of . the  e l e c t r l c  f i e l d  
s t r eng th ,  r ep resen t s  the  f e r c i n g  mechanism for the  nonequipar- 
t i t i o n  s t a t e .  The terms on the  right-hand s i d e  r ep resen t  
r e s p e c t i v e l y  the  e f f e c t s  of the  electron-heavy, e l ec t ron -  
e l e c t r o n  and none la s t i c  c o l l i s i o n s  i n  t h e  i s o t r o p i c  equation. 
The var ious  c o l l i s i o n  terms i n  the  an i so t rop ic  equation a r e  
shown e x p l i c i t l y  i n  (15) and i n  the  denominator of the  l e f t -  
hand s i d e  of (16). 

ne 

Now, using the  d e f i n i t i o n s  
n 

4 ?'Be 
and y h s 3 x '  

- 'ee Xh = - 
'Eh 

Eq. (16) can be wr i t t en  a s  
1 1 v ,  - 0 2 0  - ( P - 1 ) f  v vNE d V .  Yh - 6(1- g)+ B 2AXh + 4? 

' f v 'Eh' 
1+ - - 5Xh' 

'Eh (17)  

8 

. .. 

It is also convenient t o  in t roduce  the  a l t e r n a t e  parameters 
X and Y . X, define'd a s  the r a t i o  of the  e l ec t ron -e l ec t ron  
c o l l i s i o n  frequency t o  the  t o t a l  e l ec t ron -neu t r a l  c o l l i s i o n  
frequency vEn , is r e l a t e d  ta  the  degree of ion iza t ion .  The 
r e l a t i o n  between Xh and X is 

x h a m *  ( 1 8 )  
X 

Y , defined a s  the square of the  r a t i o  of t he  averageenergygained  
by an e l ec t ron  between Co l l i s ions  i n  an e l e c t r i c  f i e l d  t o  the  . 

e lec t ron  thermal energy, is approximately equal t o  the  square  
of the  r a t i o  of the  e l ec t ron  d r i f t  speed t o  the  mean thermal 
speed. Yh , a measure of the  s t r eng th  of the  e l e c t r i c  f i e l d ,  
is  r e l a t e d  by Y .  by the  expression 

Since 0 Xh 5 1 , w e  can conclude t h a t  Yh - Y . 
Performing a similar order-of-magnitude a n a l y s i s  on t h e  

energy equation, u t i l i z i n g  here a mean-free-path express ion  
f o r  t he  conduct iv i ty  and cons tan t  c o l l i s i o n  f requencies  throllgh- 
out ,  y i e l d s  

. .  
0 For a f u l l y  ionized gas  our  model g ives  vNE = 0 , and 

Eq. (10) can be wr i t t en  as 

y a 38i(1-Be/B) (21) 

which agrees  with (20) .  6, E B ni6i/ne is the  value of 6 
f o r  the  f u l l y  ionized gas.  . 

dependent, hencefor th  they w i l l  be considered a s  being mean 
va lues  evaluated a t  the  e l e c t r o n  thermal speed. 

I n  the  following sec t ion  we w i l l  use Eqs. (17)-(20) i n  
present ing  so lu t ions  t o  Eqs. ( 8 )  and ( 9 )  f o r  var ious  va lues  of 
t he  parameters X and Y . Before doing so, we i n v e s t i g a t e  

Although by d e f i n i t i o n  X, Xh,.and Yh are' ve loc i ty -  . .  

- 

9 . 

. .  , .  . .  



t h e  l i m i t s  on X and Y . From i t s  d e f i n i t i o n  X can vary 
between 0 and co corresponding t o  a very weakly ionized o r  
a f u l l y  ionized plasma. Y, however, which has a lower l i m i t  
of 0 for t h e  case when there  i s  no appl ied f i e l d ,  has  a maxi- 
mum d i c t a t e d  by the  condi t ion  fl<< fo. This condi t ion  causes 
Ymax t o  s a t i s f y  the  i n e q u a l i t y  (Ymax)ll2 << 1 . 
from t h e  energy equat ion p laces  a d d i t i o n a l  r e s t r i c t i o n s  on t h e  
maximum value of Y 4,9. Using Eq. (21) ,  on wr i t ing  Y i n  
terms of Te and E , it is  r e a d i l y  found t h a t  the  maximum 
appl ied  f i e l d  f o r  a s t a b l e  f u l l y  ionized uniform plasma can be 
represented  by Ymax = 6i . This  condi t ion  corresponds t o  

For t h e  f u l l y  ionized plasma a s t a t i c  i n s t a b i l i t y  r e s u l t i n g  

Te = 3/2 Th . 
For a very weakly ionized plasma, undergoing e l a s t i c  

c o l l i s i o n s  only, (20)  can be used t o  show t h a t  when the  e l e c t r o n -  
n e u t r a l  c r o s s  s e c t i o n s  do n o t  decrease w i t h  temperature more 
r a p i d l y  than l / ( T e m  ) ( t h i s  is the  case f o r  t h e  n e u t r a l s  
we cons ider  h e r e ) ,  the  s t r e n g t h  of t h e  appl ied f i e l d  i s  not  
l imi ted ,  and the  e l e c t r o n  temperature increases  monotonically 
w i t h  E . Y for t h i s  case,  however, w i l l  have a maximum given 
by 6* , its value as Te approaches i n f i n i t y .  En i s  the  
value of 6 'for a plasma t h a t  is  dominated by n e u t r a l  c o l l i -  
s ions .  S imi la r  r e s u l t s  w i th  6 rep lac ing  En apply f o r  any 
plasma t h a t  i s  n o t  Coulomb-collision dominated''. 
t h e  n o n e l a s t i c  c o l l i s i o n s  w i l l  u s u a l l y  lower t h e  e l e c t r o n  tem- 
pera ture  f o r  t h e  same value of the f i e l d  s t r e n g t h ,  as a r e s u l t  
of t h e  a d d i t i o n a l  mechanism f o r  the  t r a n s f e r  of energy from 
t h e  e l e c t r o n s  t o  t h e  n e u t r a l  p a r t i c l e s  and p o s s i b l e  r a d i a t i o n  
l o s s e s .  This  w i l l  have t h e  e f f e c t  of increas ing  the  maximum 
p o s s i b l e  value of Y f o r  a p a r t i a l l y  ionized gas .  As the  
magnitude of t h i s  increase  is not  e a s i l y  es t imated,  we w i l l  
take a s  the  upper l i m i t  on Y for a p a r t i a l l y  ionized gas ,  
based on energy cons idera t ions ,  the  value previous ly  obtained 
when only e l a s t i c  encounters  were considered.  

Inc lus ion  of 

Based on the  above a n a l y s i s ,  t h e  l i m i t i n g  maximum on y 
for any p a r t i c u l a r  problem w i l l  be the  most s t r i n g e n t  of t h e  
two choices  a v a i l a b l e .  
e i t h e r  (Ymax)1'2 << 1 or Ymax 
on t h e  degree of ion iza t ion .  For many monatomic gases  6 i s  
less than 
mentary. 

can be r e l a t e d  to  t h e  discharge para-  
meter E/p and t o  Ec , t h e  c r i t i c a l  e l e c t r i c  f i e l d  for run- 
away i n  a f u l l y  ionized gas'', by the fol lowing expressions:  

That is ,  fo r  any degree of ion iza t ion ,  
6 , t h e  value of 6 depending 

and it appears  t h a t  t h e  two c r i te r ia  are comple- 

We note  t h a t  Yh 

and 
2 2  

(23) yh - ? J 

where p is  t h e  t o t a l  p ressure  of t h e  mixture and yc eEc/m. 

From (23)  and t h e  l i m i t s  on Ymax 
only e l e c t r i c  f i e l d s  f o r  which 

we see t h a t  we consider  
i n  t h i s  a n a l y s i s .  y << yc 
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I V .  SOLUTIONS 
We first consider  t h e  s o l u t i o n  of (8) and ( 9 )  for t h e  

case where only e l a s t i c  c o l l i s i o n s  a r e  important. 
t h i s  s e c t i o n  t h e  e f f e c t s  of t h e  nonelas t ic  terms a r e  discussed.  

A.  E l a s t i c  C o l l i s i o n s  Only 
When t h e  n o n e l a s t i c  terms a r e  neglected,  (8) and ( 9 )  

La ter  i n  

and 

The s o l u t i o n  of these equat ions f o r  var ious  va lues  of t h e  
parameters X and Y can b e s t  be descr ibed with t h e  a i d  of 
Fig.  1, where we have taken Ymax as  6 . This f i g u r e  qua l i -  
t a t i v e l y  i l lus t ra tes  t h e  regions of a p p l i c a b i l i t y  of these  
s o l u t i o n s .  

Expressions (17) and (20) w i t h  the n o n e l a s t i c  cont r ibu-  
t i o n s  de le ted  become 

yh - 6(1- r) Be + 2AXh (26)  

y - 6(1- $(=) @e I+X * (27 1 

=% 

1. E q u i p a r t i t i o n  of E n e r a  
Values of Y very much l e s s  than 6 correspond t o  

weak e l e c t r i c  f i e l d s  and t h u s  t o  equal  e l e c t r o n  and heavy- 
p a r t i c l e  temperatures a s  can be seen from expression (27). 
Accordingly, only t h e  c o l l i s i o n a l  terms remain i n  (26) or i n  
t h e  i s o t r o p i c  equat ion (24)  f o r  t h i s  case.  

0 i d e n t i t y ,  which is t r u e  for f = F0 a t  any Te is  e a s i l y  
v e r i  f i e  d'5 : 

The fol lowing 

(28)  
4BeV2 O,v 0,w 0, v 

+ I  ) = 2 1  . 
3 (I2,O - i , o  O J O  
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Thus (24) ,  f o r  weak e l e c t r i c  f l e l d s ,  is s a t i s f i e d  by a 
Maxwellian d i s t r i b u t i o n  func t lon  a t  the  g a s  temperature. 
That is, f o r  Y << 6 and for any X we f i n d  

3/2 2 
(29)  

f 0 = n (E) e+" s PO 
e u  T '  

For  weak f i e l d s ,  t h e  weak I o n i z a t i o n  l i m i t  occurs  when 
The f a c t  t h a t  C i n  (26)  has a maximum of about 7.1 X << 1. 

i n d i c a t e s  that we can n e g l e c t  t h e  e l e c t r o n - e l e c t r o n  c o l l i s i o n  
terms i n  (25)  for t h i s  range of X . Thus, i n  tRTs  wea'k 
i o n i z a t i o n  l i m i t  we f i n d  

(30)  . 1 'EY dfo  
-vdv f =  

which becomes 
1 
f = 2YAEBi; i  (31)  

when Eq. (29)  is u t i l i z e d .  The e l e c t r i c a l  conduct iv i ty  can 
be evaluated for t h i s  case by combining (31) with (5) .  

S p i t z e r  and €ihxn1s12 r e s u l t s  for fully ionized plasmas 
apply whenever X >> 1. This can be i l l u s t r a t e d  as follows: 
If t h e  denominator of the  left-hand s i d e  of (26)  i s  w r i t t e n  
i n  terms of 
n e g l e c t  t h e  e l e c t r o n - n e u t r a l  c o l l i s i o n s  i n  t h i s  case.  Then 

X , v i a  (l8), i t  becomes apparent  t h a t  w e  can 

(261, with f 0 = f T  -0 can be w r i t t e n  as 

aefl 1 1  2BvyfT -0 = vf c i i  - (-le 

If now we r e p r e s e n t  f1 a s  a mul t ip le  o f  f0  , t h a t  is, 
f1 = D(v)fo , and s e t  C l/hi = vee/v , (32)  can be reduced 
t o  i 

where x = JBv This equat ion i s  i d e n t i c a l  t o  t h e  one solved 
n u a e r i c a l l y  by S p i t z e r  and H h n .  The terms P(x), Q(x) ,  R(x), 
and S(x)  a r e  i d e n t i c a l  t o  the P, Q, R and S of S p i t z e r  and 
H I r m  for t h e  case when t h e i r  mean i o n i c  charge f a c t o r  equals  
u n i t y ,  [ I n  Appendix B we der ive  the  Spitzer-Hdrm equat ion for 

13 



the more genera l  case  of a p a r t i a l l y  ionized gas. 
development leads  t o  Eqs. (36)  and (37)  below.] The conducti- 
v i t y  can be found i n  terms of D(x) by means of (5) .  S p i t z e r  
an& H8rm t a b u l a t e  D(x) and g ive  the  fol lowing expression f o r  
t h e  conduct ivi ty:  

This  

(34) 
0.582 me 

(J = $ e2jn  ii 
* 

E 
papameter for a 90" Coulomb d e f l e c t i o n .  

ian ized  l i m i t s  (25)  becomes 

is t h e  ra t io  of the Debye length  t o  t h e  average impact 

In ttre region between t h e  weak i o n i z a t i o n  and t h e  f u l l y  

%"YfT -0 =T v f l  - [r) 3,'' * ( 3 5 )  
e 

Again s e t t i n g  f1 equal  t o  foD , Eq. (35)  can be reduced t o  
an ecwation which i s  i d e n t i c a l  i n  form t o  (33) ,  with Q and 
B replaced r e s p e c t i v e l y  by 

2 'Enfx) 
Q ' ( x )  E Q(x) - -1 

where 
x 1  VEn(X)'-- z - . 

JB n 'n 

This r e s u l t i n g  equat ion can be solved by the  Chapman-Enskog 
methud, t h a t  is, by expanding D(x) i n  a series of Iaguer re  
polynomials and u t i l i z i n g  t h e i r  o r thogonal i ty  p r o p e r t i e s ,  and 
t h e  e l e c t r i c a l  conduct iv i ty  can be a c c u r a t e l y  determined. 
This  has been done by Shkarofsky'. Schweitzer and Mitchner13 
solved t h e  equiva len t  problem using t h e  Boltzmann ' c o l l i s i o n  
opera tor  for t h e  e lec t ron-e lec t ron  i n t e r a c t i o n s .  In  addi t ion ,  
t h e  l a t t e r  au thors  v e r i f y  t h e  accuracy of an empir ica l  mixture 
r u l e  by FrostL4 for the c a l c u l a t i o n  of t h e  e l e c t r i c a l  conducti- 
v i t y  i n  t h i s  region.  The F r o s t  conduct iv i ty  expression f o r  

, I .  

1 

where 
v t  r v + neree JB . En 

We have examined t h i s  equat ion for s e v e r a l  experimental c r o s s  
s e c t i o n s  and confirmed Schweitzer and Mitchner 's  observat ions.  
These r e s u l t s  w i l l  be presented la te r  i n  Sec t ion  V. 

2 ,  Nonequipar t i t ion 
I n  the  nonequipar t i t i cn  case,  when Y << 6 , the  

p r e f e r e n t i a l  energy a d d i t i o n  to the e l e c t r o n s  by t h e  e l e c t r i c  
f l e i d  i s  s u f f i c i e n t l y  g r e a t  t h a t  the mean e l e c t r o n  energy 
exceeds t h e  mean heavy-part ic le  energy. The energy equat ion,  
when n o n e l a s t i c  e f f e c t s  are neglected,  can be w r i t t e n  as 

?. 

( 3 9 )  
1 d f o  (z) 6v Eh (- 2@v - dv + f0)4rv2dv . 2 w m v L  

$ = o 2  
To evalua te  t h i s  equat ion or Eq. (6 )  for the  e l e c t r o n  temper- 
a t u r e ,  we need t o  f i n d  

X (( 6 e 

e lec t ron-e lec t ron  c o l l i s i o n s  i n  both the  i s o t r o p i c  and aniso-  
t r o p i c  equat ions.  
a f i rS t -Grder  l i n e a r  d i f f e r e n t i a l  equat ion f o r  fo which car, 
be solved t o  y i e l d  

f o  . 
The weak i o n i z a t i o n  l i m i t  for s t rong  f i e l d s  occurs  for 

We see  from (26)  t h a t  f o r  t h i s  case we can neglec t  

Then Eqs. (24)  and (25)  can be combined i n t o  

No i s  a cons tan t  of t h e  i n t e g r a t i o n  and can be evaluated by 
norma 1 iz ing f e  t o  ne S ince ' the  e lec t ron-e lec t ron  and 
t h e  t o t a l  e lec t ron- icn  c o l i i s i o n  f requencies  a r e  of t h e  same 
order ,  t h e  e lec t ron- ion  c o l l i s i o n  terms can a l s o  be neglected 
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4 B Y 2 G  
when e v a l u a t i n g  6 and % . 3B (40) the term 3 2  can-. -. I 

W 6x1 -. 
be approximated by k 
but ion  i s  Eaxwelllan a t  the g a s  temperatme,  while for a str 
f i e l d  it can d i f f e r  s i g n i f i c a n t l y  from a Wxwel l ian  
P a r  hard-sphere molecules in a strong electric fAeld 
(4) reduces to the well-known Ilru 
any a r b i t r a r y  cross section the & 

d i s t r i b u t i o n  can be  obtained from Eq. (30). The e l e  
conduct iv i ty ,  ( 5 ) ,  then becomes 

- Thus, Por a y a k  f i e l d  t h e  d i s t r  
- - 

4re' 7 v3 df' dv 
% 0 'Eh dv 

a = -  

I n  t h e  less r e s t r i c t i v e  case, when X << 1, we c a n  neglect 

t h e  e lec t ron-e lec t ron  c o l l i s i o n s  only i n  t h e  a n i s o t r o p l c  equa- 
t l o n ;  f1 is a g a i n  g i v e n  by ( 3 0 ) .  Equations (30 )  and (24) 
can be combined into a f i r s t - o r d e r  i n f e g s o - d i f f e r e n t i a l  equa- 
t i o n  which can be i n t e g r a t e d  t o  y i e l d  

No i s  aga in  the normalizat ion consr;ant f o r  f e  . This 
equat ion can be solved by an i t e r a t i v e  technique. 
done t h i s  numerical ly  and w i l l  d i s c u s s  these  r e s u l t s  l a te r .  
The e l e c t r i c a l  conduct iv i ty  for t h i s  case can be found by the 
use of the  s o l u t i o n  t o  (42) i n  E q .  (41). 

corresponding t o  a p a r t i a l l y  ionized gas ,  and Y 5 6 , t h e  
only s i g n i f i c a n t  terms remaining i n  t h e  i s o t r o p i c  equat ion 
are  t h e  e lec t ron-e lec t ron  c o l l i s i o n  terms. That is, (24) 
reduces t o  

We have 

An examination of (26) r e v e a l s  t h a t  whenever X >> 6 , 

16 

(43)  

The s o l u t i c n  t o  t h i s  equat ion ts ,  as may be vepi f lebBg sub- 
s t i t u t i o n  and use of (281, 

. -  

(44) 

That is, t h e  i s o t r o p i c  p a r t  OY t h e  d i s t r i b u t i o n  r u n o t l  
f y i n g  (43) is Baxwellian although's& an elevffted temp 
The e l e c t r o n  temperature is d e t e a i n e d  from (392 which 
w r i t t e n  now as - 

(45) 

The egLlatim for f1 for t h i s  c a s e  becomes 

EqJat ion (46) i s  i d e n t i c a l  t o  (35) wi th  f3' replaced by Be.* - 
Since  t h e  temperature I n  the  a n i s o t r o p i c  equatfon appears 
orly i n  t h e  Maxwellfan 
case can be v a l i d l y  extended i n t o  t h e  strong-fZeld reg ion  
simply by rep lac ing  T,, by Te . Thus, between X >> 6 
and the  f u l l y  ionized l i m i t ,  t h e  r e s u l t s  of 'the Chapman- 
Enskog expansion can be extended t o  s t r o n g  f i e l d s  i n  t h i s  

we would then expect  t h e  F r o s t  conduct iv i ty  expression with 
0; rep lac ing  p t c  g lve  accura te  approximate r e s u l t s  f o r  
s t r o n g  e l e c t r i c  f i e l d s .  T h i s  concept has been tested numer- 
i c a l l y  a.nd w i l l  be discussed l a t e r .  

X >> 1 
t h e  P i t u a t i o n  j u s t  descr ibed.  
D(x) with x redefined as Jpev  , is then v a l i d  i n  the  s t rong-  
f i e l d  region. Accordingly, the  e l e c t r i c a l  conduct iv i ty  is 
given  by (34)  evaluated a t  t h e  e l e c t r o n  temperature. 
e l e c t r o n  temperature i s  as befosc obtained,from the  energy' 
equat ion (45), which f o r  t h i s  case  1s 

*An equat ion i d e n t i c a l  t o  (33) wlth Q and R replaced by' 

f o  , r e s u l t s  found for t h e  weak-field 

, manner. Tn accord with t h e  r e s u l t s  of Schweitzer and Mitchner, 

The f u l l y  lor?ized gas ,  is  a s p e c i a l  case of 
S p i t z e r  and H8rm's s o l u t i o n  for 

The 

9' and R t  from (36) and ( 3 7 )  aitd with x deflned as 
4gev 

17 
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3 r  meJ2 
Te = Th -t (1610.582)) e2n,23k 8,  ' (47) 

B. Nonelast ic  E f f e c t s  

(9) .  
r e s u l t s .  

In  t h i s  subsect ion we p r e s e n t  formal s o l u t i o n s  t o  (8) and 
These s o l u t i o n s  a r e  then r e l a t e d  t o  the previous e l a s t i c  

1. Prel iminary Comments 
Equation (17) a l lows  u s  t o  draw the  fol lowing genera l  

conc lus ion  s : 
a.  If vNE 0 << 6vEh or vNE 0 << vee a t  the  energy where 

the  nonelas t ic  c o l l i s i o n s  may be s i g n i f i c a n t ,  t h e  nonelas t ic  
e f f e c t s  can be neglected and t h e  e l a s t i c  r e s u l t s  remain va l id .  

b. If vNE << vEh a t  a l l  energ ies ,  the nonelas t ic  
c o l l i s i o n s  can be neglected i n  t h e  momentum equat ion.  For 
cases  i n  which t h i s  holds, f o  
l ined  below and f1 would be found from (25). 

than a g r o s s  sense unless  a s p e c i f i c  model of nonelas t ic  be- 
havior  is chosen. We confine our remarks t o  t h r e e  c l a s s e s  of 
n o n e l a s t i c  behavior charac te r ized  by whether for each nonelas t ic  
i n t e r a c t i o n *  t h e  r a t e  of upward induced t r a n s i t i o n s  ( A )  exceeds, 
( B )  is  l e s s  than, o r  (C) is equal  t o  the  frequency of inverse  
downward t r a n s i t i o n s .  

would be determined a s  out-  

It is  d i f f i c u l t  t o  a s s e s s  nonelas t ic  e f f e c t s  i n  o t h e r  

For c l a s s  ( A )  we expect  t h e  n e t  energy t r a n s f e r r e d  t o  t h e  
e l e c t r o n s  by n o n e l a s t i c  i n t e r a c t i o n s  AEm t o  be negat ive cor-  
responding t o  e l e c t r o n  k i n e t i c  energy being t ransfer red  t o  
p o t e n t i a l  energy of t h e  bound e l e c t r o n i c  s t a t e s  of t h e  heavy 
p a r t i c l e s .  Class (B)  behavior would resul t  i n  AEm being 
p o s i t i v e .  
by n o n e l a s t i c  c o l l i s i o n s .  

In  a r e a l  plasma, depending upon t h e  c o n s t i t u e n t s ,  t h e i r  
energy, and o t h e r  phys ica l  parameters, any combination of t h e  

Class (C) would correspond t o  no n e t  energy t r a n s f e r  

*Described i n  the  sense of Eqs. (A-2,3,20,21, and 36.) 
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c l a s s e s  can e x i s t .  Class ( A )  behavior when caused by r a d i a t i o n  
escape forms an i n t e r e s t i n g  problem in high-temperature plasmas. 

Before proceeding with the  genera l  a n a l y s i s  we examine 
q u a l i t a t i v e l y  the  fol lowing nonelas t ic  terms which appear i n  
t h e  i s o t r o p i c  and energy equations: 

V 1 0 v3 C(V) E 1 (FNE - f ) 
0 

(49) 

The e l e c t r o n  c o n t i n u i t y  equat ion for the  s teady  s t a t e  r e s u l t s  
i n  

( 5 0 )  

An i n v e s t i g a t i o n  of t h e  form of FNE confirms t h a t  the  
integ'rands of both c ( v )  and AEm vanish for a l l  v wher, 
t h e  plasma i s  i n  equilibrium or 
t i c s  a t  Te apply. In  these  cases  d e t a i l e d  balancing occur 
and the n o n e l a s t i c  i n t e r a c t i o n s  do not  in f luence  the  i s o t r o p i c  
p a r t  of the  d i s t r i b u t i o n  d i r e c t l y .  However, as w i l l  be  d i s -  

cussed l a t e r ,  the  n o n e l a s t i c  i n t e r a c t i o n s  may s t i l l  c o n t r i b u t e  
tc the  eva lua t ion  of and t h u s  the  c u r r e n t  dens i ty ,  the  
p l e c t r i c a l  conduct iv i ty ,  and i n d i r e c t l y  t o  f o  through Te 
via  the  energy equat ion.  

c(m) = 0 . 

f o  = 70 and Boltzmann stati2- 

f1 

The f a c t  t h a t  ( 5 0 )  always holds  implies  t h a t  whenever 
AENE is  negat ive,  (FNE - f o )  m u s t  (on the  average)  be posi-  
t i v e  for low values  of v and negat ive f o r  very l a r g e  values  
of v Hence, we expect  c ( v )  2 0 when it is  not i d e n t i c a l l y  
z e r c  f o r  a l l  v e T h i s  l as t  s ta tement ,  which is  t r u e  i f  

(Fm - f ) = 0 v > 0 , may not  be cor-  
r e c t  for complicated i n t e r a c t i o n s  i n  which many d i f f e r e n t  
threshold energ ies  e x i s t ;  however, on the average it should 
be v a i i d .  
p o s i t i v e  we expect C ( V )  0 . By d e f i n i t i o n  c l a s s  (C) 

0 has b u t  one r o o t  f o r  

S i m i l a r l y ,  f G r  c l a s s  (B)  behavior, when AEm is  
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behavior  corresponds t o  c ( v )  = 0 . Henceforth, we w i l l  con- 
s i d e r  t h e  des igna t ions  c ( v )  2 0 , c ( v )  0 and c ( v )  = 0 
a s  synonymous with t h e  c l a s s e s  (A), (B-) and (C) respec t ive ly .  

_ _  

2. Weak-Field Case 
When the  plasma i s  exposed t o  weak e l e c t r i c  f i e l d s  

such t h a t  Y << 6 , we can neglec t  the  lef t -hand s i d e  of 
Eq. (17). This  corresponds 

- ;to + f0 

t o  w r i t i n g  (8) a s  

+ p =  0 (51) 
where 

c ( v )  i s  g iven  by (48) .  
Equation (51) can be in tegra ted  t o  y i e l d  

which reduces t o  (29) when c ( v )  = 0 . N o  i s  the  normaliza- 
t i o n  cons tan t .  For Y << 6 , we previous ly  found t h a t  Te=Th 
when n o n e l a s t i c  e f f e c t s  were neglected.  Their  presence here  
when c ( v )  2 0, however, has t h e  e f f e c t  of lowering below 

Th. Phys ica l ly  i n  t h i s  s i t u a t i o n  e l e c t r o n s  l o s e  energy t o  
t h e  heavy p a r t i c l e s  during the  n o n e l a s t i c  encounters  and g a i n  
energy from the heavy p a r t i c l e s  during e l a s t l c  encounters .  

Analy t ica l ly ,  C ( V )  > 0 should manifest  i t s e l f  i n  a 
change i n  f o  away from ?: . In  p a r t i c u l a r ,  we would expect  
the  t a i l  of t h e  d i s t r i b u t i o n  t o  be depressed r e l a t i v e  t o  t h e  
Maxwellian d i s t r i b u t i o n  a t  the gas  temperature16. To i l l u s -  
t r a t e  t h i s  e f f e c t ,  we l e t  t h e  s o l u t i o n  t o  (51) be given by 

Te 

fo = 2; A(v) ( 5 3 )  

where ?: is the  s o l u t i o n  when C ( V )  = 0 . Combining Eqs. ( r , 3 )  

20 

and (51) r e s u l t s  i n  t h e  fol lowing equat ion for A(v): 
dA C 
dv -7. - =  

afT 
(54)  

I n t e g r a t i n g  t h i s  equat ion we obta in  

A(v) = A(0) - + dv ( 5 5 )  
0 afT 

where A(0) is  determined from t h e  normalizat ion of 
integrand i n  Eq. (55) i s  p o s i t i v e  (on t h e  average) ,  increas ing  
and then decreasing with v . Thus A(v) decreases  n e a r l y  
monotonically with v from A(0) and, as expected, t h e  
t.ail of fo w i l l  be depressed r e l a t i v e  t o  . 
e leva ted  r e l a t i v e  t o  ?: , the  e l e c t r o n s  would g a i n  energy 
v i a  noneIas t ic  encounters  and l o s e  energy e l a s t i c a l l y ,  and 
t h e  e l e c t r o n  temperature would be g r e a t e r  than the  gas  
temperature. 

Now, i f  i n  a d d i t i o n  t o  consider ing only weak f i e l d s  here ,  
we f u r t h e r  r e s t r i c t  ourse lves  t o  X << 1 ( t h e  weak-ionizaticn 
l i m i t ) ,  Eq. ( 9 )  can be w r i t t e n  as 

Po . The 

For t h i s  case, if c ( v )  0 t h e  t a i l  of f o  would be 

Tte e l e c t r i c a l  conduct iv i ty  can then be cbtained from (5) .  
In  a f u l l y  ionized gas ,  based on our model which neg- 

l e c t s  mul t ip le  i o n i z a t i o n s  and e x c i t a t i o n  i n t e r a c t i o n s  between __ _. 

e l e c t r o n s  and ions,  we have C ( V )  = 0 and t h e r e f o r e  t h e  
e l a s t i c  r e s u l t s  [ ( 3 2 )  t o  (34)l  apply d i r e c t l y ,  

Equation (9) fo r  f1 
and f u l l y  ionized l i m i t s ,  
an o p t i c a l l y  t h i c k  plasma, 

where 
x = J g v  , 

a p p l i e s  between t h e  weak-ionization 
When 
t h i s  equat ion can be w r i t t e n  as 

c ( v )  = 0 , corresponding t o  

( 5 7 )  t Q"(x)D = R"(x) + S ( X )  
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(59)  
Equation (57) can be solved by the  Chapman-Enskog expansion 
technique. [ A  method of de r iv ing  Eqs. (57) ,  (58) and (59)  
fs  described i n  Appendix B.] When c ( v )  # 0 the  equations 
become much more complicated and w i l l  no t  be discussed here.  
En l i n e  with the  mixture r u l e  of F r o s t  (38) presented with 
t h e  e l a s t i c  r e s u l t s ,  one might expect a s i m i l a r  mixture r u l e  
w i t h  v t  rep laced  by vt  + vm t o  g ive  reasonable r e s u l t s  
for t he  conduct iv i ty  between the  X << 1 and the f u l l y  
fanized l i m i t s .  

3 .  Strong-Field Case 
As can be seen from the  energy equation and the s i g n  

of , the  inc lus ion  of t h e  none la s t i c  COlliSiQnS i n  the  
a n a l y s i s  changes Te r e l a t i v e  t o  its e l a s t i c  value.  Once 

IS determined, (6) can be used to  f i n d  
As was found t o  be t r u e  f o r  t he  weak-field region, i n  

- 
Te . 

each case t o  be discussed below the  ePfec t  on the  i s o t r o p i c  
p a r t  of the  d i s t r i b u t i o n  func t ion  on hone la s t i c  i n t e r a c t i o n s  
when c ( v )  2 0 is  t o  depress  the t a i l  of f o  r e l a t i v e  t o  
i t s  c(v) = 0 counternar t .  The opposite e f f e c t s  w i l l  occur 
when c ( v )  5 0 . 

For any degree of i on iza t ion  and s t rong  f i e l d s  (8) and 
( 9 )  can be combined i n t o  a l i n e a r  f i r s t - o r d e r  in tegro-d i f fey-  
e n t i a 1  equation f o r  f o  which when in t eg ra t ed  r e s u l t s  i n  
an  equat ion  i d e n t i c a l  i n  form t o  (52) with a ( v )  and b(v)  
given i n  Table I. 

a r e  neglected a rd  fo is  given by equation (52) with a ( v i  
and b(v)  from Table I. Here when bf >> c o r  vEn >> vNE , 
( 5 2 )  reduces to t he  form of the e l a s t i c  so lu t ion  (40). The 
presence or h r a t h e r  than hE in a(.) , however, causes 
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. .  

t h e  s o l u t i o n  t o  d i f f e r  from (40) .  Since h 13 l e s s  than $ , 
even if c ( v )  = 0 ttxe ex is tence  of n o n e l a s t i c  c o l l i s i o n s  
whenever the e lec t rx tc - f ie~ .d  tertn An t k  iclotropic equat ion is 
s i g n i f i c a n t  i n  the eva lua t ion  of f o  would s t i l l  tend t o  depress  
t h e  t a i l  of t h e  d i s t r i b u t i o n  r e l a t i v e  t o  t h e  e l a s t i c  s o l u t i o n .  
The e l e c t r i c a l  conduct iv i ty  ( 5 )  for t h i s  case is evaluated 
using f1 as obtained from (56) wi th  t h e  e lec t ron- ion  i n t e r -  
a c t i o n s  neglected i n  h . 
corresponding t o  a weakly ionized plasma, we can n e g l e c t  the 
e lec t ron-e lec t ron  c o l l i s i o n s  i n  ( g ) ,  and f1 is again  given 

by (56) .  
i n t e g r a t e d  y i e l d s  (52)  with a and b from Table I for fo . 
When 
counterpar t ,  Eq. (42). A comparison of vm and vNE w i t h  
vEh w i l l  i n d i c a t e  t h e  r e l a t i v e  importance of t h e  n o n e l a s t i c  
c o l l i s i o n  terms. The e l e c t r i c a l  conduct iv i ty  f o r  t h i s  case  
is determined by combining Eqs. (56) and ( 5 ) .  

Y 5 6 , t h e  electron-heavy p a r t i c l e  c o l l i s i o n  terms and t h e  
f i e l d  term can be neglected in the i s o t r o p i c  equat ion.  This  
equat ion can then be in tegra ted  t o  y i e l d  (52)  with 
b(v)  from Table I. When C ( V )  = 0 , t h i s  r e s u l t  reduces t o  

(44). 

. 

AS was the case f o r  e l a s t i c  c o l l i s i o n s  only, when X <( 1 , 

T h i s  equat ion when combined wi th  (8) and t h e  r e s u l t  

c ( v )  = 0 , t h i s  resul t  reduces i n  form t o  i ts  e l a s t i c  
0 

I n  a p a r t i a l l y  ionized plasma, f o r  which X >> 6 and 

a ( v )  and 

From t h e  d i f f e r e n t i a l  equat ion (8)  i t  is - apparent  t h a t  
t h e  

'ee 

the 
t h e  
can 

n o n e l a s t i c  terms can be neglected when b f u  >> c o r  
0 >> VNE . 

I n  an o p t i c a l l y  th ick ,  p a r t i a l l y  ionized plasma [c(v)=O] 
n o n e l a s t i c  terms do n o t  c o n t r i b u t e  t o  the c a l c u l a t i o n  of 
i s o t r o p i c  p a r t  of the  d i s t r i b u t l o n  funct ion;  however, they 
a f f e c t  t h e  eva lua t ion  of t h e  t r a n s p o r t  p r o p e r t i e s  as a 

r e s u l t  of t h e  momentum t ransfer red  between e l e c t r o n s  and t h e  
heavy p a r t i c l e s  dur ing  t h e  n o n e l a s t i c  c o l l i s i o n s .  

mean f r e e  pa th  for momentum t r a n s f e r  as a r e s u l t  of n o n e l a s t i c  
T h i s  e f f e c t  can be i l l u s t r a t e d  by eva lua t ing  the e f f e c t i v e  

c o l l i s i o n s  under these  condi t ions,  where use of Boltzmann 
s t a t i s t i c s  and the  Saha equation, evaluated a t  the e l e c t r o n  . 
temperature, are a l s o  v a l i d .  To s i m p l i f y  t h e  development w e  
w i l l  work i n  the region on Fig. 1 between X >> 6 and 
X << i . I n  t h i s  reglon Eqs. (56) and (44)  appl ied  t o  each 
n o n e l a s t i c  i n t e r a c t i o n  y i e l d  t h e  fol lowing r e l a t i o n  between 
t h e  i s o t r o p i c  and a n i s o t r o p i c  parts of t h e  e l e c t r o n  d i s t r i -  
but ion funct ion:  

- . 

The s u b s c r i p t  m , corresponding t o  similar s u b s c r i p t s  appear- .* 

ing i n  &. (A-87) and o t h e r  subsequent equat ions i n  Appendix A, 
w i l l  t ake  on i n t e g e r  va lues  between 0 and 4 depending on the 
energy of t h e  f r e e  e l e c t r o n s  p a r t i c i p a t i n g  i n  the  var ious  
i n t e r a c t i o n s .  For i n e l a s t i c  and s u p e r e l a s t i c  c o l l i s i o n s ,  use 
cf Eq. (6Q) and the Boltzmann r e l a t i o n s  i n  Eq. (A-69) y i e l d s  

The e f f e c t i v e  mean f r e e  pa th  for momentum t r a n s f e r  r e s u l t i n g  
from i o n i z a t i o n  and recornbinacion i n t e r a c t i o n s ,  Eq. (A-79), ' 

becomes on use of t h e  Saha equat ion and (60): 

.-.. " 
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with v2 and v1 given by \ 

and 

Except f o r  t h e  h(vm)/h(v) r a t i o s ,  the above equat ions f o r  
h and h 

transfer mean f ree  pa ths  for e l a s t i c  c o l l i s i o n s .  If no n e t  
momentum were t r a n s f e r r e d  v i a  n o n e l a s t i c  encounters, we would 
expect  l/hNE = 0 for a l l  v . [ I f  l/hNE # 0 t h e  n e t  momen- 
tum transfer as a r e s u l t  of nonelas t ic  i n t e r a c t i o n s  could 
vanish  f o r  p a r t i c u l a r  combinations of hNE and f1 which 
r e s u l t  i n  

have t h e  f a m i l i a r  s t r u c t u r e  of momentum 
1 R j . e  I s j k  

jmSvNEfldv = 0 . 
0 

Since T1(v) and vNE(v) are independent, t h i s  would gener- 
a l l y  not  be t h e  c a s e . ]  
tum t r a n s f e r  as a r e s u l t  o f  photo ioniza t ion  and i t s  inverse  
i s  g r e a t e r  than  zero.  

The e f f e c t i v e  mean f r e e  p a t h  f o r  momen- 

From t h e i r  above forms, both l / h  I s jk  and 1 /h IRj ,  

would not  g e n e r a l l y  equal  zero  even i f  w e  assume 
i n  t h e i r  evaluat ion.  
t o  a c o n t r a d i c t i o n  of t h e  assumption t h a t  l/hNE = 0. Thus 
l/hNE # 0 and t h e  n o n e l a s t i c  col l is i lons c o n t r i b u t e  t o  t h e  
c a l c u l a t i o n  of f1 [ v i a  t h e i r  cont r ibu t ion  t o  h i n  (56) ] 
even though they do  not  d i r e c t l y  inf luence  t h e  i s o t r o p i c  
p r o p e r t i e s .  

It i s  i n t e r e s t i n g  t o n o t e  t h a t  f o r  some h(v)  behavior 
i t  would be p o s s i b l e  here  t o  o b t a i n  negat ive nonelas t ic  c o n t r i -  
bu t ions  t o  t h e  t o t a l  c o l l i s i o n  frequency. This  could be 
i n t e r p r e t e d  as a ga in  of momentum by t h e  e l e c t r o n s  i n  t h e  
range dv about v v i a  t h e  n o n e l a s t i c  encounters  and r e s u l t  
i n  a probable enhancement of the  conduct iv i ty .  

l/hNE = 0 
hph > 0 l e a d s  This  f a c t  coupled with 

Although i l l u s t r a t e d  f o r  a l imi ted  range of 

fo = 2'. 

X , t h e  same 
conclusions a r e  expected t o  hold f o r  a l l  degrees of i o n i z a t i o n  
i n  an o p t i c a l l y  t h i c k  plasma f o r  which The e l e c t r o n  
temperature i s  a l s o  a f f e c t e d  i n  t h e  above o p t i c a l l y  t h i c k  case 
through the j o u l e  hea t ing  term i n  t h e  energy equat ion (45) .  
To determine i n  t h i s  case ( 9 )  can be c a s t  i n t o  t h e  form 
of Eqs. (57) ,  (58) ,  and (59) wi th  x defined as Jpev.  
a s  i n  t h e  case  of e l a s t i c  c o l l i s l o n s  only, t h e  r e s u l t s  found 
i n  the weak-field reg ion  can be extended i n t o  t h e  s t rong-f ie ld  
region by simply r e p l a c i n g  Th by Te . The mixture r u l e  pro-' 
posed e a r l i e r  becomes s i m i l a r l y  appl icable  f o r  these  nonequi- 
p a r t i t i o n  cases .  

by the  s t r o n g - f i e l d  r e s u l t s  f o r  e l a s t i c  encounters  a s  i n  t h e  
weak-field case.  

With t h e  use o f  an order-of-magnitude es t imate  ( 5 2 ) ,  for 
a weakly ionized plasma, can be shown t o  go over t o  the  equa- 
t i o n s  which are v a l i d  on t h e  e x t r e m i t i e s  of  t h e  region of i t s  
a p p l i c a b i l i t y  . 

f1 

Thus, 

Based on our  model, a f u l l y  icn ized  gas  i s  descr ibed here 
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Equation ( 

V. NUMERICAL RESULTS 

2) has been Golved numeric l l y  by an i t e r a t i o n  
technique,  and the r e s u l t s  have been used t o  f i n d  the  e l e c t r i -  
c a l  conduct iv i ty ,  c u r r e n t ,  dens i ty ,  and e l e c t r o n  temperature 
f o r  various ion ized  gases. The plasmas consiQa~*ed were pure 
argon, potassium-seeded argon, and potassium-seeded helium. 
The seed f r p z t i o n s  ind ica t$on  the- f i g u r e s  inolude potassium. 
i o n s  as We>% as n e u t r a l s .  

The form of  f0 for various f i e l d  s t r e n g t h s  and degrees  
of i o n i z a t i o n  has been inves t iga ted  numerical ly  when non- 
e l a s t i c  terms were neglected and w i l l  be discussed below. I n  
addi t ion ,  o ther  c a l c u l a t i o n s  were performed t o  tes t  the v a l i d -  
i t y  of an approximation t o  ( 4 2 ) .  
where X << 1 , a comparison has been made between the use of 
( 4 2 )  and a Maxwellian d i s t r i b u t i o n  f o r  the c a l c u l a t i o n  of t h e  
e l e c t r i c a l  conduct iv i ty  and the  e l e c t r o n  temperature. We have 
a l s o  compared t h e  c a l c u l a t e d  conduct ivi ty-current  d e n s i t y  
c h a r a c t e r i s t i c s  w i t h  t h e  experiments of Cool and Zukoski and 
Kerrebrock and Hdfman. 

s e l v e s  t o  the  cons idera t ion  of sn ly  e las t ic  encounters ,  and 
we have assumed tha t  the  number d e n s i t i e s  were e i t h e r  known 
o r  determinable v i a  the Saha equat ion evaluated a t  t he  e l e c -  
t r o n  temperature. While use  of t h e  Saha equat ion  i s  c o r r e c t  
only f o r  equi l ibr ium condi t ions ,  it g i v e s  r e s u l t s  which a r e  
i n d i c a t i v e  o f  what one might expect  i n  a r e a l i s t i c  s i t u a t i o n .  
To inc lude  the n o n e l a s t i c  terms q u a n t i t a t i v e l y  would r e q u i r e  
a simultaneous s o l u t i o n  of the r a t e  equat ions  for  the stace 
populat ions of the i n d i v i d u a l  spec ies  w i t h  Eq. (1). Prelim- 
i n a r y  r e s u l t s  of  t h e  e f f e c t  of a non-Maxwellian d i s t r i b u t i o n  
func t ion  on t h e  ra te  equat ions are presented i n  Reference 17. 

A. Evolut ion of fo 

. 

I n  t h e  region of Fig. 1 

I n  present ing  numerical r e s u l t s  we have r e s t r i c t e d  our- 

- 
I n  Fig. 1 w e  see tha t  the  region i n  which (42) i s  v a l i d  

k 

rl 
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over laps  t h e  regions i n  which o t h e r  formu f'or 
(Q), and (44) ] a r e  a l s o  v a l i d .  
of-magnitude a n a l y s i s ,  which makes use of (12)  and ( 2 8 ) ,  t o  
cast (42) i n t o  a form which r e v e a l s  t h e  v a r i a t i o n  of 
X and Y . I n  p a r t i c u l a r ,  w e  can demonstrate t h e  evolu t ion  
of fo 
K a x w e l l i a n  form appl icable  when X >> 6 . 
has been s tudied  by numerical i n t e g r a t i o n  of (42) i n  t h e  reg ion  
where X <( 1 . Typical  r e s u l t s  of t h i s  computation appear  
i n  F igs .  3, 4, 5, and 6. 
equat ion  w a s  used t o  f i n d  t h e  e l e c t r o n  temperature i n  t h e  l i m i t  
whenever t h e  d i s t r i b u t i o n  func t ion  was Maxwellian. 

fo  [Eqs .  ( 2 9 ) ,  

It i o  poss ib le ,  by an order-  

fo with 

from i t s  form i n  t h e  weak-ionization l i m i t  t o  t h e  

This  t r a n s i t i o n  of fo  between t h e  aforementioned l i m i t s  

I n  such c a l c u l a t i o n s  t h e  energy 

Figure 2 shows t y p i c a l  v a r i a t i o n s  of X and Y as t h e  
electric f i e l d  i s  increased  a t  a cons tan t  degree of i o n i z a t i o n  
(----), as t h e  degree of i o n i z a t i o n  i s  increased f o r  a f i x e d  
e l e c t r i c  f i e l d  s t r e n g t h  (- ' -), o r  what i s  more r e a l i s t i c ,  
as t h e  e l e c t r i c  f i e l d  i s  increased and t h e  degree o f  i o n i z a t i o n  
is adjus ted  t o  correspond t o  t h e  Saha equat ion a t  the mean 
e l e c t r o n  energy as t h e  e l e c t r o n s  become more e n e r g e t i c  (-). 
The c h a r a c t e r  of f o  along t h e s e  t r a j e c t o r i e s  is determined 
according t o  t h e  region wi th in  which t h e  t r a j e c t o r y  lies. 

By f i x i n g  the degree of i o n i z a t i o n  a t  a r e l a t i v e l y  low 
l e v e l ,  w e  i l l u s t r a t e  i n  Fig.  3 t h e  t r a n s i t i o n  of t h e  d i s t r i -  
bu t ion  func t ion  from t h e  weak-field (gas-temperature Maxwellian) 
ease  t o  t h e  s t r o n g - f i e l d  (Lorentzian)  case.  T h i s  r e s u l t  i s  
f o r  t h e  Be-K system corresponding t o  curve IIa of Fig.  2. 

how t h e  d i s t r i b u t i o n  evolves  from the  s t r o n g  f i e l d ,  weak i o n i -  
z a t i o n  l i m i t  t o  t h e  s t r o n g  f i e l d ,  p a r t i a l l y  ion ized  case.  
(Here t h e  e l e c t r o n  number d e n s i t i e s  were chosen so the  condi- 
t i o n s  f o r  curve I11 i n  Fig. 4 would be similar t o  t h e  10 v/cm 
curve of Fig. 5.) The cross ing  of  the curves on Fig.  4 at 
about 1 ev i n d i c a t e s  that ,  f o r  roughly t h e  same e l e c t r o n  t e m -  
pera ture ,  t h e  Lorentzian d i s t r i b u t i o n  func t ion  i s  depressed 

30 

Figure  4, corresponding t o  curve I I b  of Fig. 2, shows 

I: Pure Argon, Th = 3000eK, p = 0.1 atm. 
11: He-K, nK/nHe = 0.001, Th = 1250°K, p = 1 a t m .  

IV: He-K, nK/nHe = 0.0032, T,, = 2000°K, p = 1 atm. 
111: A-K, nK/nA = 0.001, Th = 1250°K, p = 1 atm. 

V: A-K, nK/nA = 0.004, Th = 2000°K, p = 1 atm. 

- - -  e-e c o l l i s i o n s  neglected, number dens i t ies  fixed a t  
equilibrium values corresponding t o  Th. 

Figure 2. Approximate Var ia t ion  of X and Y 
f o r  t h e  Cases Considered. 
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i n  t h e  high-energy t a i l  relative t o  a MaxwellIan d i s t r i b u t i o n  
func t ion .  

f u n c t i o n  from a gas-temperature Maxwellian t o  an e lec t ron-  
temperature  Maxwellian, which occurs  as the degree of ion iza-  
t i o n  increases [curve SIC, Fig. 21. F i g u r e  6, corresponding 
t o  curve I of Fig-. 2 ,  Illustrates this t r a n s i t i o n  f o r  pure 
argon. The A-K sys teq ,  corr t o  curve I n  of Fig. 2 
a l s o  undergpes a stmilaP tr , however, it e x h i b i t s  less 
pronounced non-MaXwellian c h a r a c t e r i s t i c s  as d g h t  be  expected 
as a r e s u l t  of I ts  l o c a t i o n  on Fig, 2. The d i f f e r e n c e s  In t h e  
c r o s s  s e c t i o n s  and the masses of helium and argon cause t h e  
displacement between curves  f l c  and III on t h i s  figure. 
Another consequence of these d i f f e r e n c e s  i s  t h a t  a s t r o n g e r  
appl ied  f i e l d  I s  necessary for  He compared t o  A t o  achieve 
s i g n i f i c a n t  e l e c t r o n  heat ing.  

B. Approximate Forms f o r  f 
As a r e s u l t  o f  the  complexity of (42), Ginzburg and 

Gurevich , cons ider ing  7' as t h e  z e r o t h  approximation t o  
fo , proposed t h e  fol lowing f i r s t - o r d e r  s o l u t i o n  as a conven- 
i e n t  r e p r e s e n t a t i o n  f o r  fo  : 

Figure  5 i l l u s t r a t e s  the  evolu t ion  of the d i s t r i b u t i o n  

0 

4 

If To is s u b s t i t u t e d  i n t o  the  right-hand s i d e  of (42) 
Eq. (61) follows. Equation (61) has a l l  the c h a r a c t e r i s t i c s  
of fo and agrees  e x a c t l y  w i t h  (42) i n  each of the weak- 

i o n i z a t i o n ,  t h e  weak-field, and t h e  Coulomb-dominated l i m i t s .  
Only t h e  e lec t ron-e lec t ron  i n t e r a c t i o n  terms i n  (42) were 
d i r e c t l y  a f f e c t e d  by t h i s  approximation. Since these terms, 
when they a r e  s i g n i f i c a n t ,  tend t o  Maxwelllanizr t h e  d i s t r l -  
but ion,  t h e  use of  3' i n  eva lua t ing  them might be expected 
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t o  y i e l d  reasonable  r e s u l t s  l n  the  reg ions  between t h e  afore-  
mentioned l i m i t s .  The approximation fol has  been compared 
t o  fo  numer,ically, i n  t h e  region where Po d i f f e r e d  s i g n i f i -  
c a n t l y  from a Maxwellian form, for s e v e r a l  gases .  
r e s u l t s  a r e  presented i n  Fig. 7. 
number d e n s i t y  is based on t h e  Saha equat ion a t  t h e  temper- 
a t u r e  c a l c u l a t e d  on t h e  b a s i s  of  f o  o r  fol . Observe t h a t  
t h e  approximate form y i e l d s  a somewhat d i f f e r e n t  e l e c t r o n  
temperature than t h a t  obtained from t h e  e x a c t  c a l c u l a t f o n  and 
t h a t  t h e  r e s p e c t i v e  number d e n s l t i e a  on t h e  b a s i s  of t h e  Sam 
equat ion  are s i g n i f i c a n t l y  d i f f e r e n t .  

Since the s o l u t i o n s  presented  i n ' d e c t i o n  IV.-B are so 

complex, I t  would be useful ,  even a t  t h e  sacrifice o f  some 
accuracy, t o  develop approximate forms for t h e  d i s t r i b u t i o n  
f u n c t i o n  analogous to  (61) which account f o r  n o n e l a s t i c  en- 
counters .  

Typical  
For  each case t h e  e l e c t r o n  

All of t h e  so lu t ions ,  when n o n e l a s t i c  e f f e c t s  are included, 
can be w r i t t e n  i n  the  form 

fo = go(v)B(v) 
where 

V 

-% B(v) P 1 - 
0 ag 

and I 

dv 

go 5 No exp { - [ dv} '. 
I n  p a r t i c u l a r  f o r  t h e  case  of  L a weakly J ion ized  plasma, i f  we 

assume t h a t  t h e  zero th  approximation f o r  t h e  d i s t r i b u t i o n  
func t ion  i s  given by 
t h a t  

Fo , then we f i n d  cram (52) and Table I 

(65)  
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Figure  7. Comparison of fo w i t h  the First Approximation. 

Usually AE(v) < hNE(v) which impl ies  hE < h < . Thus 
A = O(AE) and w e  can approximate h by hE i n  a! and then 

Combining these results, a first approximation 
writ ten as 

I n  t h i s  equat ion (fol/Nol) is 
mation given by (61) ,  s u b s c r i p t  
i s  a nonelas t ic  approximation, 
cons tan t  for f& , and 9 i s  

C. Conduct ivi tx  
Figure 8 shows a comparison 

t h e  normalized e l a s t l c  approxi- 
NE is  t o  emphasize t h a t  t h i s  

NNE is t h e  normalizat ion 
a! with  A replaced by % , 

of c o n d u c t i v i t i e s  u and ub, 
c a l c u l a t e d  wi th  (41) us ing  r e s p e c t i v e l y  t h e  nonequilibrium 
d i s t r i b u t i o n  func t ion  (42) and t h e  Maxwellian d i s t r i b u t i o n  
yo. 
s i t y  a r e  used fo r  both u and uM . Thus the  o r d i n a t e  i s  
e s s e n t i a l l y  an e lec t ron-mobi l i ty  r a t i o .  The a b s c i s s a  i s  a 
measure of t h e  appl ied  f i e l d .  The dot ted  curves on Fig. 8 
(and Fig. 9)  correspond t o  a cons tan t  degree of i o n i z a t i o n .  
A s  t h e  f i e l d  s t r e n g t h  i s  increased,  a cons tan t  degree of i o n i -  
za t ion  represents  t h e  maximum depar ture  of t h e  d i s t r i b u t i o n  
func t ion  from a Maxwellian. 
a measure of t h e  maximum depar ture  of t h e  approximate conduct i -  
v i t y  from t h e  a c t u a l  one c a l c u l a t e d  on the  basis of  the non- 
equi l ibr ium d i s t r i b u t i o n  funct ion.  

t i o n  c a l c u l a t e d  according t o  t h e  Saha equation. 
c a t e  t h a t  f o r  t h e  c a s e s  considered the s impler  
s a t i s f a c t o r y  values  f o r  t h e  conduct iv i ty  provided that the 

The same e l e c t r o n  temperature and t h e  same e l e c t r o n  den- 

Thus these dot ted  curves i l l u s t r a t e  

The s o l i d  curves  on t h i s  f i g u r e  have the  degree of ion iza-  

They i n d i -  
uM .p rovides  
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e l e c t r o n  temperature i s  known. 
f i e l d  s t r e n g t h s ,  when fo is  Maxwellian, U ~ / U  + 1. The 
g r e a t e s t  devia t ion  between U and OM occurs  between these  
l i m i t s  when fo  d i f f e r s  s i g n i f i c a n t l y  from To . For t h e  
A-K system it was found t h a t  as expected from t h e  
remarks i n  Sec t ion  V-A. 

D. Elec t ron  Temperature 
The e l e c t r o n  temperature Te found by the use of t h e  

nonequilibrium d i s t r i b u t i o n  func t ion  (42 )  i n  (6) was compared 
t o  an approximate e l e c t r o n  temperature T 

of an energy balance wi th  assumed t o  be Maxwellian a t  
the e l e c t r o n  temperature. R e s u l t s  of t h i s  comparison a r e  
i l l u s t r a t e d  i n  Fig. 9.  A s  was the case  i n  Fig. 8, t h e  dot ted  
curves here  represent  the  maximum depar ture  of T from Te . 
It should be noted t h a t  t h e  r e l a t i v e l y  small d i f f e r e n c e s  
between Te and T shown here f o r  the s o l i d  curves cor-  

respond t o  l a r g e  d i f f e r e n c e s  i n  e l e c t r o n  dens i ty .  

E. Comparison wi th  Experiment 
Under t h e  condi t ions  of t h e  experiments of Refs. 6 and 7 ,  

X >> 6 , and hence i f  only e l a s t i c  enuuunters a r e  considered,  
we would expect the  d i s t r i b u t i o n  func t ion  t o  be Numer- 
i c a l  c a l c u l a t i o n s  were performed which v e r i f i e d  tha t  t h e  d i s -  

t r i b u t i o n  func t ion  was i n  f a c t  Maxwellian during a l l  t h e  con- 
d i t i o n s  of these  experiments. The evolu t ion  of fo  f o r  some 
t y p i c a l  experimental condi t ions  i s  shown q u a l i t a t i v e l y  i n  
Fig. 2 by curves I V  and V, Figure 10 i l l u s t r a t e s  a t y p i c a l  
comparison between experiment, the  conduct iv i ty  based on 
F r o s t l s  theory [Eq. ( 3 8 ) ]  (shown by Ref. 13 t o  be preferab le  
t o  the  mean-free-path conduct iv i ty  u s e d  by Ref. 7 ) ,  and t h e  
conduct iv i ty  as c a l c u l a t e d  by Cool and Zukoski. Here w e  see 
no s i g n i f i c a n t  disagreement between t.ht: t h e o r i e s  and good 
agreement between t h e o r i e s  and experlmcrit f o r  t h e  higher  
c u r r e n t  d e n s i t i e s .  S imi la r  r e s u l t s  have been r e c e n t l y  repor ted  

AS eX[JC.Cted a t  weak and s t rong  

u a OM 

found by t h e  use 
"M 

fo  

eM 

eM 

Fo . 

I 
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1 
by Lyman‘’. 
energy balance has r e s u l t e d  i n  much b e t t e r  agreement i n  t h e  
reg ion  where t h e  e l a s t i c  theory  does not  agree w e l l  wi th  t h e  - 
experimental  
q u a l i t a t i v e l y  deduced from t h e  n o n e l a s t i c  aspec ts  of our analy- 
sis, d e t a i l e d  c a l c u l a t i o n s  are beyond t h e  scope of  ou r  present  

Inc lus ion  of r a d i a t i o n  loss terms i n  t h e  Maxwellian 

I -  
Although a similar behavior can  be 

i 

I 
objectives. 1 

I 

APPENDIX A 
DEVELOPMENT O F  KINETIC EQUATIONS (2) and (3) 

I n  t h i s  s e c t i o n  we d e r i v e  t h e  k i n e t i c  equat ions which 
are fundamental t o  t h e  previous ana lys i s .  

I. C o l l i s i o n  I n t e g r a l s  
I n  Eq. (1) w e  use t h e  familiar Boltzmann c o l l i s i o n  opera tor  

t o  represent  t h e  e l a s t i c  e3ectron:neutral and e lec t ron- ion  en- 
counters  and t h e  Bokker-Planck c o l l i s i o n  opera tor  f o r  t h e  e l e c -  
t ron-e lec t ron  i n t e r a c t i o n s .  These terms are discussed i n  
s e v e r a l  references2’ 4’5 and w i l l  merely be descr ibed b r i e f l y  
here. 

Electron-neutral :  
A t y p i c a l  e l e c t r o n - n e u t r a l  c o l l i s i o n  term i s  descr ibed 

by t h e  Boltzmann b inary  c o l l i s i o n  i n t e g r a l  as 

( T I n  aefe = J J ( q f ;  - fnfe)gnun(gn,X)m3vn 0 

The prlmed q u a n t i t i e s  denote dependency on “af te r -co l l i s ion’ ’  
v e l o c i t i e s .  The q u a n t i t y  un(gn ,x)m denotes the  d i f f e r e n t i a l  
c r o s s  s e c t i o n  f o r  t h e  e l a s t i c  encounter between e l e c t r o n s  and 
n e u t r a l s  of r e l a t i v e  speed 
r e l a t i v e  v e l o c i t y  ( o r  the  e l e c t r o n )  w i l l  be d e f l e c t e d  through 
the  angle  x , i n t o  the  d i f f e r e n t i a l  s o l i d  angle  d 0  , i n  
t h e  center-of-mass frame. 

gn P ) d  - Fn/ such t h a t  the  

Electron-ion: 
Here as i n  Ref. 2 we neglec t  c o l l e c t i v e  plasma o s c i l l a -  

t i o n s  and consider  only those Coulombic i n t e r a c t i o n s  which a r e  
charac te r ized  best by random two-body encounters .  These en- . ’ 

counters  can be descr ibed by e i t h e r  t h e  Fokker-Planck equa- 
t i o n  o r  Boltzmann binary c o l l i s i o n  operator5.  
we chouse the  l a t t e r  and w r i t e  

For convenience 
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The notation here  i s  c o n s i s t e n t  with t h a t  used i n  t h e  previous 
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e l e c t r o n - n e u t r a l  c o l l i s i o n  integral. ui( gi,x) is t h e  
Rutherford c r o s s  s e c t i o n  for a Coulombic i n t e r a c t i o n .  

of t h e  Debye s h i e l d i n g  length  t o  "cu t  off"  t h e  d ivergent  i n t e -  
grals a s s o c i a t e d  w i t h  t h e  Coulombic potential'' ' 20. This  cu t -  
oFf procedure i s  v a l i d  whenever t h e  number of  p a r t i c l e s  i n  a 
Debye sphere is very much g r e a t e r  than  uni ty ;  t h a t  is ,  when 
k d  is large. 

I n  e v a l u a t i n g  t h i s  c o l l i s i o n  i n t e g r a l ,  we w i l l  make use 

Electron-electron:  
Here, as i n  t h e  previous Coulombic i n t e r a c t i o n ,  w e  a l s o  

have a choice of c o l l i s i o n  operators .  We fo l low t h e  s tandard 
procedure and u s e  the Fokker-Planck equat ion  t o  account f o r  
the e lec t ron-e lec t ron  Coulombic encounters. Wri t ten  i n  terms 
of t h e  now familiar Rosenbluth p o t e n t i a l s ,  t h i s  c o l l i s i o n  
opera tor  i n  Car tes ian  t e n s o r  n o t a t i o n  is 

where 

4 + 
G(v) = ree .f fe(vf)gd3vf - 

I n  the p o t e n t i a l  f u n c t i o n s  H and G , 
+ 
vf is t h e  v e l o c i t y  of t h e  f i e l d  e l e c t r o n ,  

g E Iv - 7 I $ and f i e l d  e l e c t r o n s ,  and 
Fee E 41r % ed where e = e l e c t r o n  charge, and 

-B 
is  t h e  r e l a t i v e  speed between the  tes t  

me is  t h e  r a t i o  of t h e  Debye l e n g t h  fo  t h e  
average impact parameter f o r  a 90 
Coulomb d e f l e c t i o n .  

H e r e  i n  w r i t i n g  ree i n  terms of  id use was made of the 
Debye cut-off  t o  eva lua te  t h e  Coulombic s c a t t e r i n g  c r o s s  
s e c t i o n  and t h e  r e s u l t i n g  logarithm was t r e a t e d  as a cons tan t  
evaluated a t  t h e  mean value of the  e l e c t r o n  v e l o c i t y  . 

2 Dreicer p r e s e n t s  some u s e f u l  r e l a t i o n s h i p s  between H, G,  

and r e .  
46 
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I n  t r e a t i n g  t h e  nonelastic c o l l i s i o n s  below, w e  w i l l  
fol low t h e  development presehted by Fowler22 but  allow f o r  
thermal motion of t h e  n e u t r a l s  and work i n  v e l o c i t y  rather 
than energy var iab les .  

A. I n e l a s t i c  and S u p e r e l a s t i c  C o l l i s i o n s  
We i n v e s t i g a t e  t h e  conservat ion of e l e c t r o n s  i n  t h e  

set ?,d3v as a r e s u l t  of i n e l a s t i c  and s u p e r e l a s t i c  encdunters  
r e s u l t i n g  i n  n e u t r a l s  undergoing e x c i t a t i o n  &nd de-exc i ta t ion  
r e a c t i o n s  respec t ive ly .  A t y p i c a l  i n t e r a c t i o n  can be repre-  
sen ted  by 

e + (Atom): 2 e + (Atom): (A-1) ' 

where t h e  s u b s c r i p t  n s tands  f o r  t h e  type of  n e u t r a l  atom 
and t h e  s u p e r s c r i p t s  J and k ( k  > J )  ccrrespond t o  t h e  
state of the n e u t r a l  p a r t i c l e .  

The energy equat ion for t h i s  type of encounter  can be ' 

dis t inguished  by whether t h e  r e a c t i o n  is caused by o r  r e s u l t s  
in an e l e c t r o n  i n  t h e  set. When an e x c i t a t i o n  ( J  --t k )  i s  
caused by dn e l e c t r o n  with v e l o c i t y  v the energy equat ion -3 

(A-2) 
-I 

i s  the  e l e c t r o n  v e l o c i t y  a f t e r  the c o l l i s i o n ,  
Here +"o "j and v a r e  the  v e l o c i t i e s  of the  n e u t r a l  before  and a f t e r  
t h e  encounter, r e s p e c t i v e l y  ( t h e  s u b s c r i p t s  j and k sefve 
t h e  dual  r o l e  of d i s t i n g u i s h i n g  between the n e u t r a l  before  and 
af ter  c o l l i s i o n  and represent ing  i ts  s t a t e ) ,  and \jk6 hvnJk 

i s  t h e  e x c i t a t i o n  energy f o r  the  i n t e r a c t i o n .  When an e x c i t a -  
t i o n  r e s u l t s  i n  an e l e c t r o n  being added t o  t h e  set ,  t h e  energy 
equat ion i s  

'k 

'me.: + m v2 = mev2 + m v2 + 2 4  (A-3) 
nJ "k Jk * 

where v1 
c o l l i s i o n .  The inverse  ( s u p e r e l a s t i c )  encounters  which a l s o  
c o n t r i b u t e  t o  t h e  number of e l e c t r o n s  i n  the set a r e  descr ibed 
e n e r g e t i c a l l y  by (A-2) and ( A - 3 ) .  

is the v e l o c i t y  of  t h e  e l e c t r o n  before  the  ineLas t ic  

47 



4 
The number of e l e c t r o n s  l o s t  t o  t h c s e t  v,d3v i n  u n i t  = 

t i m e  p e r  u n i t  volume-as a resnlt of i n e n  c o l l i s f o n s  w 
n e u t r a l s  of  v e l o c i t g  range n e u t r & l s . G  

are placed i n  the set v ,d v and the  e l e c t r o n s  are scat=&*& 
nk nk 

t e r e d  thmugh =-angle xocM,~omzj measured r e l a t i v e  tu 

? - qn+ i n  the center-of-mass frame, w T t h  the v e l o c i t y  ?o,d? 

-t 3j,-d3y"j such-that the 

-3 

(k-4) 

We r e p r e s e n t  th i s  tspe of transitkmurith the fo l lowkg  nota--= 
t ion :  

I n  t h e  previous inelastic loss express lun  ak (gn ,xocM)dnocM 

is t h e  d i f f e r e n t i a l  s c a t t e r i n g  c r a s s  s e c t i o n  for the e x c i t a t i o n  
c o l l i s i o n  i n  question. The r e l a t i v e  v e l o c i t y  gn is def ined  
by 

3 

J 
-+ 

gnJ = I? - Vn3l > 

4 

fn(vn ) is t h e  v e l o c i t y  d i s t r i b u t i o n  func t ion  f o r  t h e  
f n j  3 
s ta te  n n e u t r a l  i n  the s ta te  j normalized on t h e  number 
d e n s i t y  for t h i s  s t a t e .  

I n  w r i t i n g  % and xOCM as arguments of ck , w e  have 

addressed ourse lves  t o  an examination of e x c i t a t i o n  c o l l i s i o n s  
which cause heavy p a r t i c l e  s ta te  changes t h a t  can be claSS1- 
f l e d  by t h e  p r i n c i p a l  and t o t a l  angular  momentum quantum numbers 
and degeneracies .  The c r o s s  s e c t i o n  should have enough informa- 
t i o n  s p e c i f i e d  i n  i t s  arguments t o  determine, along with t h e  
conserva t ion  equat ions,  t h e  v e l o c i t i e s  of both p a r t i c l e s  i n  
t h e  appropr ia te  re ference  frame a f t e r  t h e  c o l l i s i o n .  
s i d e r i n g  t h e  dynamics of i n e l a s t i c  c o l l i s i o n s  i n  t h e  center -  
of-mass coordinates ,  changes i n  t h e  component c o n t r i b u t i o n s  t o  
t h e  angular  momentum v e c t o r  of t h e  system w i l l  r e s u l t  i n  t h e  

48 

j "j 

When con- 

plane of t h e  p a r t i c l e s  a f te r  t h e  encounter  d i f f e r i n g  from *e 
plane o f - t h e  P a r t i c l e s  P r i o r  to t h e  encounter. 

p r i n c i p l e  precludes knowledge of t h e  p r e c i s e  p o s i t i o n  and 
v e l o c i t y  o f  a p a r t i c l e  s imultansously.  Thus, t h e  exact va lue  
of t h e  impact Parameter, t h e  to ta l  angular  momentum v e c t o r _ f o r  
t h e  system, o r  the  plane of t h e  p a r t i c l e s  i s  unknown for the . 
c o l l i s i o n  descr ibed by (A -4 ) .  
f i e l d s  e x i s t ,  t h e  d i r e c t i o n  of t h e  t o t a l  o r b i t a l  a n g u l a r  momen- 
tum vec tor  of t h e  heavy P a r t i c l e s  I s  expected t o  be arbitrary. 
We l i m i t  our i n t e r e s t  t o  t h e  magnitude o f  t h i s  vec tor  only. 
Then by symmetry arguments w e  can n e g l e c t  t h e  azimuthal  depen- 
dence of t h e  o r i e n t a t i o n  of the r e l a t i v e  v e l o c i t y  v e c t o r  af ter  
t h e  c o l l i s i o n  zon, w i t h  r e s p e c t  t o  Zn . Thus w e  only need 

From quantum mechanical OOriUiderations t h e  u n c e r t a i n t y  

I f  no s t r o n g  e x t e r n a l  magnetic 

t o  s p e c i f y  t h e  angle  x between + J  gonk and zn t o  descflbe 
OCM j 

adequately our i n e l a s t i c  c o l l i s i o n s .  

i n t e r a c t i o n  between two monoenergetic streams, one o f  which i s  
taken t o  be thc set of e l e c t r o n s  having t h e  v e l o c i t y  range 
?,d3v ; t h e  o t h e r  stream is of  n e u t r a l s  i n  t h e  set sn ,d3v, . 
A s  a r e s u l t  of t h e  averaging e f f e c t s  of  t h e  streams w e  expect 
t h e  sum of t h e  t o t a l  angular  momentum v e c t o r s  of t h e  heavy 
p a r t i c l e s  t o  be zero. This  i n i t i a l  symmetry would be preserved 
a f t e r  t h e  encounter a l lowing  u s  t o  neglec t  t h e  azimuthal  depen- 
dence of * gonk r e l a t i v e  t o  zn . Thus, w e  only need t o  pre-  

. j '  
s e n t  t h e  s i n g l e  d e f l e c t i o n  angle 

c o l l i s i o n .  Knowing x and using symmetry cons idera t ions  

one can f i n d  t h e  v e l o c i t y  of  t he  p a r t i c l e s  a f te r  t h e  c o l l i s i o n  . 
i n  t h e  center-of-mass re ference  frame. 

These same arguments a l s o  apply f o r  t h e  o t h e r  i n e l a s t i c  
( s u p e r e l a s t i c )  c o l l i s l b n s  discussed i n  t h i s  paper. 

i n  u n i t  
t i m e  per  u n i t  volume as a r e s u l t  of s u p e r e l a s t i c  c o l l i s i o n s  

This  argument can a l s o  be i l l u s t r a t e d  by consider ing the 

j J  

x as a parameter of  t h e  
OCM 

'CM' gnj 

The number of e l e c t r o n s  l o s t  t o  t h e  set 7,d3v 
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. .  

Here d ( g  i s  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  nk nk'xlcM)mlcM 
for t h i s  s u p e r e l a s t i c  encounter. 
t o  t h e  set p e r  u n i t  t i m e  p e r  u n i t  volume is then the  sum of 

The number of  e l e c t r o n s  l o s t  

( A - 4 )  and ( A - 5 )  
S imi la r ly ,  t h e  number of e l e c t r o n s  gained by t h e  set  p e r  

u n i t  volume per  u n i t  time as a r e s u l t  of the inverse  encounters  
represented [qOJvnk + v,vn 3 and [Gl,vnj + vl,Vnk] is 

+ + +  -3 + +  

j 

Expression ( A - 6 )  i s  t h e  ( s u p e r e l a s t i c )  inverse  of ( A - 4 ) .  
p ress ion  ( A - 7 )  r e p r e s e n t s  t h e  inverse  of ( A - 5 ) .  
r e l a t i v e  v e l o c i t y  g is defined by gOn E Ivo - v I . 

Ex- 
Typical ly  t h e  

+ +  

Onk k "k 
Applying t h e  p r i n c i p l e  of d e t a i l e d  balancing,  we-equate 

( A - 4 )  and i t s  i n v e r s e  ( A - 6 )  a t  equi l ibr ium and obta in  

3 )d3vOd3v . r f e  O k  f n  IEq gOn~nk(gOnkyXOCM "k 
( A - 8 )  . .  

The equi l ibr ium d i s t r i b u t i o n  func t iogs  a r e  g iven  below: 
m v  

where T i s  t h e  equi l ibr ium temperature. At equi l ibr ium 
we have Te = Th = T. The r e l a t i v e  populat ions of  var ious  
e x c i t e d  l e v e l s  Of an atom a t  equi l ibr ium are given by t h e  
Boltzmann d i s t r i b u t i o n  

( A - 1 0 )  

where wk and wJ are the  atomic degeneracies  assoc ia ted  
with t h e  states j and k of t h e  n e u t r a l  p a r t i c l e s .  The 
d i f f e r e n t i a i  v e l o c i t y  elements i n  ( A - 8 )  can be r e l a t e d  v i a  
t h e i r  Jacobian as 

d3v d3v0 = d3v d3v . 
"k "j 

( A - 1 1 )  

Then t h e  combination of ( A - 9 ) ,  ( A - l o ) ,  (A-11)  , and ( A - 2 )  wi th  
( A - 6 )  y i e l d s  t h e  fol lowing d e t a i l e d  balancing r e s u l t :  

A similar d e t a i l e d  balancing a n a l y s i s  with ( A - 5 )  and ( A - 7 )  
yields 

The d i f f e r e n t i a l  v e l o c i t y  elements f o r  t h i s  encounter are 
r e l a t e d  by 

d3v d3v =( 2) d3vnjd3v1 
k n (A-14) 

If t h e  e l e c t r o n  v e l o c i t i e s  before  a s u p e r e l a s t i c  and 



-t an i n e l a s t i c  encounter are denoted by vs and respec-  
t i v e l y ,  it i s  easy fa show t h a t  Eqs. (A-12)  and (A-l3), re- 
l a t i n g  t h e  d i f f e r e n t l a 1  c r o s s  sec t ions ,  can  both be w r i t t e n  
as t h e  fol lowing genera l  d e t a i l e d  balancing r e s u l t :  

(A-15) 

I n  (.A-15) gsn,.. .:nd gInJ,, a r e  def ined as 

+ 
g s n k ~  - vnkl , and 

+ 
gInj = F1 - v I . 

"j 

The v e l o c i t y  elements i n  t h i s  genera l  no ta t ion  are r e l a t e d  

bY 
d3v d3v - - gSnk d 3 v d3vI . 

"k - g I n j  "5 (A-16) 

Equations (A-11, 12, 13, and 1 4 )  can be combined with 
( A - 4 ,  5, 6, and 7) t o  y i e l d  an expression f o r  t h e  n e t  number 
of e l e c t r o n s  gained by the s e t  ?,a3, by t h e  r e a c t i o n s  
represented by [$o,?nk * v,vn 1 and 

When t h i s  r e s u l t i n g  expression i s  then i n t e g r a t e d  over  a l l  
poss ib le  s c a t t e r i n g  angles  and heavy p a r t i c l e  v e l o c i t i e s ,  we 
obta in  t h e  fol lowing expression f o r  t h e  n e t  g a i n  of e l e c t r o n s  
t o  t h e  set per  u n i t  volume per  u n i t  time f o r  t h e  r e a c t i o n  
given by (A-1) : 

3 - 3  4 - 3  * v,v ] . 
j "k 

(A-17) 
On summing over t h e  var ious  states of the  n e u t r a l  spec ies  and 
d i v i d i n g  by d3v w e  ob ta in  

)dB ' d3v 1 . 
CM 'CM nk 

(A-18) 
I n  t h i s  equat ion t h e  f i r s t  c o l l i s i o n . o g e r a t o r  r e p r e s e n t s  t h e  
s u p e r e l a s t i c  g a i n  and t h e  i n e l a s t i c  loss  t o  t h e  e l e c t r o n  s e t  
v,d3v f o r  a l l  p o s s i b l e  va lues  of j and k. The second 

s u p e r e l a s t i c  loss t o  t h i s  set f o r  a l l  poss ib le .va lues  o f  j 

and k . 

+ 

. c o l l i s i o n  opera tor  r e p r e s e n t s  the i n e l a s t i c  ga in  and t h e  

B. I o n i z a t i o n  and Three-Body Recombination Encouters 
I n  t h i s  subsect ion w e  develop c o l l i s i o n  i n t e g r a l s  

f o r  t h e  conserva t ion  of e l e c t r o n s  i n  the  set ?,d3v during 
c o l l i s i o n a l  i o n i z a t i o n  and three-body recombination encounters .  
A t y p i c a l  r e a c t i o n  i n  t h i s  case  can be represented by 

gr 

( A - 1 9 )  e + (Atom): 2 e + e + ( Ion)n  a . 
Here, as previously,  the  s u b s c r i p t  n corresponds t o  t h e  
type of n e u t r a l  atom, the s u p e r s c r i p t s  j and .8 s i g n i f y  
t h e  s t a t e  of t h e  n e u t r a l  atom and i t s  r e l a t e d  ion  respec t ive ly .  

The energy equat ions for t h i s  type of encounter, when we 
v,d3v , * concern ourse lves  with how w e  e n t e r  o r  leave t h e  set 

become : 
(A-20) 2 2 2 2 mev2 + m v = mev2 + mev4 + mihvina + 2%jB 

"j 

f o r  t h e  case  where t h e  i o n i z a t i o n  is caused by a 
and 

? e l e c t r o n  

( A - 2 1 )  2 2 mevl + m v2 = mev2 + m v + mi v: + 2 4  
"j e 3  n ne 

when the i o n i z a t i o n  r e s u l t s  i n  an e l e c t r o n  i n  the  s e t .  I n  
these  energy e q u a t i m s  are t h e  mass and v e l o c i t y  

. 
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r e s p e c t i v e l y  of  the ionized  type n n e u t r a l  atom i n  the 
state d i s t i n g u i s h e d  by t h e  s u b s c r i p t  e and An i s  t h e  
i o n i z a t i a n  p o t e n t i a l  of the  atom fr'Jnr i t s  
e x c i t a t i o n  t o  i t s  r e l a t e d  i o n  i n  t h t  4 t h  state. I n  (A-20) 
-3 + 
v2 and v4 are the  v e l o c l t i e s  o f  t.h- two e l e c t r o n s  r e s u l t i n g  
f r o m  the  ion iza t ion .  Making use of Lhe p r i n c i p l e  of i n d i s -  
t i n g u i s h a b i l i t y 2 2  w e  w i l l  not  d i s t i n g u l s h  between bound and 
unbound e l e c t r o n s  during an i o n i z a t i o n  or three_body recom- 
b i n a t i o n  encounter. Thus, we do not  spec i fy  which e l e c t r o n  
af ter  the i o n i z a t i o n  corresponded t o  t h e  i o n i z i n g  e lec t ron;  
we merely state t h a t  two e l e c t r o n s  r e s u l t  from t h e  ion iza t ion .  
Likewise i n  cons ider ing  a recombination encounter, no at tempt  
is made t c  i d e n t i f y  which of  t h e  two r r e e  e l e c t r o n s  becomes 
bound and which remains free. Simi la r ly ,  i n  ( A - 2 1 )  w e  have 
the case where a v1 e l e c t r o n  caused an i o n i z a t i o n  which 
r e s u l t e d  i n  two e l e c t r o n s ,  one wi th  v e l o c i t y  v and the 
o t h e r  w i t h  v e l o c i t y  v3 It shoula be noted tha t  t h e  v1 
appearing i n  t h i s  subsect ion i s  not the  
subsec t ion  A of t h i s  Appendix. 
type i n c e r a c t i o n s  being considered. 

time per  u n i t  volume as a r e s u l t  o f  i o n i z a t i o n  encounters  
w i t h  n e u t r a l s .  such t h a t  the fol lcwing t r a n s i t i o n  occurs  

j t h  J a  s t a t e  of 

-3 

-+ 
-t -+ 

-? 

v1 t h a t  appears  i n  
They a r e  d is t inguished  by the 

+ 
The number of e l e c t r o n s  l o s t  t o  t h e  set v,d3v i n  u n i t  

i s  

+ is the d i f f e r e n t i a l  in i  
'ere on J . ion(gnj  ; xzcM) ~ 4 2 ~ 2 d ~ ~ ~ ~ ~ d ~ + ~  
"cross  sect ion" for an i o n i z a t i o n  enrounl e r  between e l e c t r o n s  

+ 4 

i n  t h e  s e t  v,d3v and n e u t r a l s  i n  t h e  si.1. vn ,d3vn re- 

s u l t i n g  i n  two e l e c t r o n s ,  t h e i r  ve3oc3t it-.: given by 
and G4,d3v4 , and an i o n  in the ut.rctc d w i t h  i t s  v e l o c i t y  

j '+ 
v2,d3v2 

range and s t a t e  s i g n i f i e d  by ?i ,d3v . The angle  x 
i s  measured r e l a t i v e  t o  the  d i r e c t i o n  of 

ne in i  2CM 
&, i n  t h e  c e n t e r -  

J of-mass frame. The v e l o c i t y  ?42 is defined by [v + 

where 
4cM'x42cM1 

is  t h e  d i r e c t i o n  o f  CM+ v4 measured r e l a t i v e  t o  
42CM 

-? v2 i n  t h e  center-of-mass frame. 

ments t o  a r r i v e  a t  t h e  above form of  t h e  c r o s s  sec t ion .  A s  
presented,  w e  have s p e c i f i e d  s u f f i c i e n t  information t o  be a b l e  
t o  determine t h e  v e l o c i t i e s  of the  p a r t i c l e s  after t h e  encounter 
%hen symmetry cons idera t ions  are Included wi th  t h e  conservat ion 
equat ions and t h e  i n i t i a l  v e l o c i t i e s .  There i s  no s i n g l e  "ccr -  
r e c t "  way t o  des igna te  a d i f f e r e n t i a l  cross s e c t i o n  of t h i s  com- 
p l e x i t y .  For example, l e t  us  examine q u a l i t a t i v e l y  f o r  a moment 
t h e  dynamics of an i o n i z i n g  c o l l i s i o n  as regards  a choice  of 
parameters f o r  t h e  c r o s s  sec t ion .  Consider t h e  i n t e r a c t i o n  of  
3 nonoenergetic beam of e l e c t r o n s  w i t h  a monoenergetic beam %'f 
nei ; t ra ls  which r e s u l t s  in i o n i z a t i o n  of t h e  n e u t r a l s .  Before 
t h e  i o n i z a t i o n  encounter between an e l e c t r o n  and a n e u t r a l  par -  
t i c l e ,  t h e  two p a r t i c l e s  l i e  i n  a s i n g l e  plane i n  t h e i r  c e n t e r -  
of-mass re ference  frame. Af te r  t h e  encounter, however, the  

r e s u l t i n g  t h r e e  p a r t i c l e s  are not  r e s t r i c t e d  t o  move i n  a 
s i n g l e  plane in t h i s  re ference  frame. By averaging a l l  such 
encounters  i n  the  beams w e  can s t i l l  expect  a symmetry of s o r t s  
about t h e  r e l a t i v e  v e l o c i t y  v e c t o r  zn . That is, t h e  r e s u l -  
tan t  momentum vec tor  of any two of t h e f s c a t t e r e d  p a r t i c l e s  
( s a y  t.he e l e c t r o n s )  from a s i n g l e  c o l l i s i o n  can be found equal iy  
l i k e l y  i n  any azimuth about Zn as w i l l  t h e  momentum vec tor  
of t h e  t h i r d  p a r t i c l e .  These 'momentum v e c t o r s ,  t h a t  of t h e  
above r e s u l t a n t  and t h a t  of t h e  t h i r d  p a r t i c l e ,  are equal ,  
a n t i p a r a l l e l ,  and l i e  i n  a plane which has the same symmetry 
about &, as d id  the  p a r t i c l e s  i n  Sec t ion  A ,  Appendix 

A, a f t e r  &n e x c i t a t i o n  c o l l i s i o n .  This  symmetry can 
be represented here  by allowing any of t h e  three v e l o c i t y  

We have aga in  used quantum mechanical and symmetry argu- 

i 

55 54 



vectors  t o  be a r b i t r a r i l y  loca ted  i n  an a x i a l  sense w i t h  
respec t  t o  gn . We choose v t o  have t is symmetric 
c h a r a c t e r  and 4hus anly spec i fy  

l i s i o n  i s  then  completely descr ibed by spec i fy ing  t h e  v e l o c i t y  
of one of t h e  remaining p a r t i c l e s  r e l a t i v e  t o  v2 . We 
picked v4 f o r  t h i s  d i s t i n c t i o n .  
t h e  a r b i t r a r i n e s s  of these  choices .  Thus some o t h e r  choice 
of parameters could have been made. It may appear from t h e  
above cholce that  the "created" e l e c t r o n  must have t h e  velo- 
c i t y  v4  . This  i s  not  t h e  case. Cons is ten t  with t h e  p r i n -  
c i p l e  of i n d i s t i n g u i s h a b i l i t y  we have merely s t a t e d  t h e  velo- 
c i t y  of one of t h e  r e s u l t i n g  p a r t i c l e s  without  spec i fy ing  
which p a r t i c l e  it was p r i o r  t o  the  encounter. 

i n  u n i t  
time p e r  u n i t  volume as a r e s u l t  of three-body recombination 
encounters  w i t h  ions and o t h e r  e l e c t r o n s  such t h a t  t h e  

3 -3 

2CM 'n a x i n  Un ion. The co l -  
2C M j 

-3 

-3 It is importan%'to note  

4 

The number of e l e c t r o n s  l o s t  t o  t h e  set j ,d3v 

- 3 - 3  [G,73,?inj + vl,vnj 3 t r a n s i t i o n  occurs is 

) 
nJ 4 

ed3vf in/3vindfe3d3v3gindg3 inQu3 injrec ( gins ' g3inj 'xg3+M;x1cM 

*dS1 I1 + 6';3,vI - (A-23) 
'CM 

The r e l a t i v e  v e l o c i t i e s  a r e  def ined as 

)dR i s  t h e  " d i f f e r e n t i a l  ul'j 4 

3 i n j r e c ( g i n j  9 g3 in& 'xg 3 g CM 'xlcM 'CM 
c r o s s  sec t ion"  f o r  t h i s  recombination c o l l i s i o n .  Af te r  t h i s  
enhounter ' the  remaining f r e e  e l e c t r o n  i s  s c a t t e r e d  i n t o  t h e  
angle  x1 'dRICM measured r e l a t i v e  t o  GcM . The angle  

between 2 CM 
and zi is given by . Again, t h e  

g3%M 3% n j  
choiee of argument f o r  t h e  recombination c ros s  s e c t i o n  is 
not  unique, and a l s o  we do not s p e c i f y  which of t h e  two free 

e l e c t r o n s  becomes bound. The d e l t a  func t ion  ,v is included 

p a t i n g  i n  the  recombination encounter are i n  t h e  set 
This  func t ion  i s  def ined  as follows: 

_ _  - i n  LA-23) t o  account  f o r  t h e  case  when both  elec?rons p a r t i c i :  
7,d3v . 

Thus, f o r  any smooth fiGite func t ion  K(G3) w e  f i n d  

JK(G3) q3,; d3V3 = 0 . 
In an analogous manner, the number of e l e c t r o n s  Rained by 

the  s e t  p e r  u n i t  volume per  u n i t  time as a r e s u l t  of t h e  inverse  
recombination [?2,;f4,Gina -3 v,v ] and i o n i z a t i o n  [';l,?n -3 

v,v3,vine] i n t e r a c t i o n s  are r e s p e c t i v e l y  

j - 3  

-9-3 4 j 

f e2 d3v 2 f e4 d3v 4 f inj d3v injg2injg4inj 
* .  

and 

(A-25) 
A s  a r e s u l t  of t h e  c o l l i s i o n s  being inverses ,  t h e  s c a t t e r i n g  
angles i n  (A-24) and (A-25) a r e  t h e  same as those  for t h e  
d i r e c t  c o l l i s i o n  and are labe led  accordingly.  Note that t h e  
angles  are measured r e l a t i v e  t o  v e l o c i t y  sets and not  r e l a t i v e  
t o  p a r t i c u l a r  p a r t i c l e s .  The d e l t a  func t ion  i n  (A-25) is t o  
account f o r  t h e  p o s s i b i l i t y  of t h e  i o n i z a t i o n  r e s u l t i n g  i n  two 
e l e c t r o n s  e n t e r i n g  t h e  set. 

(A-22) and i t s  inverse  (A-24) a t  equi l ibr ium and o b t a i n  
Applying the  p r i n c i p l e  of d e t a i l e d  balancing we equate  
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( A-26) 

A t  equi l ibr ium t h e  d i s t r i b u t i c n  func t ions  are Maxwellian: 

EfelEq = Inel,,($ 

3/2 -m v2 /2kTh 
- in inJ 

[f inl 'Eq - [nine 

( A-27 ) 
The number d e n s i t i e s  of the  ions ,  the  n e u t r a l s  and t h e  e l e c -  
t r o n s  a r e  r e l a t e d  a t  equi l ibr ium v i a  t h e  Saha equat ion which 
can be w r i t t e n  a s  

m 3  3/2 2ma -*n a IkTh 
- e  

"2 
(A-28) 

I n  (A-28) oj and wa a r e  the  degeneracies  for 
t h e  type n atom i n  i t s  j t h  e x c i t a t i o n  l e v e l  and i t s  r e l a t e d  
i o n  i n  t h e  $ t h  e x c i t a t i o n  l e v e l .  I n  Eqs. (A-27) and (A-28) we 
have s e t  Te = Th a t  equi l ibr ium. Combining (A-20), (A-27) 
and (A-28) with (A-26) we o b t a i n  t h e  fol lowing d e t a i l e d  balancing 
r e s u l t  : 

n j  d3v2d3v4d3v = 
%inag4inQu24inarec in,t 

d3v d3vd3v11 (A-29) 
@nj'njion 4+,, j 

where 3 0  H r k 3  
3 2 m ~  

A similar d e t a i l e d  balancing 
(A-25) y i e l d s  

"j d3vd3v d3v = 
gi,gg3inQu3inQrec, 3 . 

a n a l y s i s  with (A-23) and 

A s  was t h e  case  f o r  i n e l a s t i c  and s u p e r e l a s t i c  encounters ,  
(A-29) and (A-30) can both be included i n  a s i n g l e  expression.  
If w e  l e t  s u b s c r i p t  Z denote the  e l e c t r o n  causing t h e  ion iza-  
t i o n  and s u b s c r i p t s  R and B denote t h e  e l e c t r o n s  r e s u l t i n g  
from t h i  i o n i z a t i o n ,  w e  can, c o n s i s t e n t  with previous nota t ion ,  
include Eqs. (A-29) and (A-30) i n  t h e  fol lowing equation: 

gRinagBinauRBinarec nJ 

Since t h e  followl.ng r e l a t i o n s  between t h e  d i f f e r e n t i a l  v e l o c i t y  
elements hold: 

3 3  3 
d3vRd3vBd3v = d G d gRi riad gBini 

and 
3 3  'd3vZd3vn = d G d gZn 

j . j  
where i s  t h e  v e l o c i t y  of t h e  c e n t e r  of mass, (A-31) can be 
w r i t t e n  as 

"j 3 3 
gRinagBinQuRBinarecd gRinad gBine = 

%nj'Znjiond 3 VBRCid ' 3 gZnj ' (A-32) 
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. . - -  
Equations (A-29) and (A-30) can be combined w i t h  (A-22, 

23, 24, and 25) t o  y i e l d  an expression f o r  t h e - n e t  nLtmber of 
e l e c t r o n s  gained by the  set * v,d3v as a r e s u l t  of i n t e r a c t i o n s  - 

4 4 4  + +  
represented by [;,b * v2,v4,vI 3 and [?,?3,?in, 

This r e s u l t i n g  expression can then be i n t e g r a t e d  Over a l l  pos- 

VIJVn 1. 
j ne j 

s i b l e  s c a t t e r i n g  angles  and heavy p a r t i c l e  v e l o c i t i e s  t o  obta in  

( A-33 

This  equat ion r e p r e s e n t s  t h e  n e t  g a i n  o f  e l e c t r o n s  t o  t h e  s e t  
per  u n i t  volume p e r  u n l t  t i m e  for t h e  r e a c t i o n  given by (A-19). 

n e u t r a l  spec ies  and i t s  i o n  an8 d i v i d i n g  by d3v, w e  o b t a i n  
t h e  fol lowing c o l l i s i o n  integral f o r  t he  n e t  g a i n  of e l e c t r o n s  
t o t h e  s e t  per  u n i t  volume of phase space per  u n i t  time as a 
r e s u l t  of c o l l i s i o n a l  i o n i z a t i o n  and three-body recombination 
encounters  : 

Now, on summing over the  r e l e v a n t  e x c i t e d  s t a t e s  o f  the 

(A-34)  

Here t h e  f i rs t  c o l l i s i o n  i n t e g r a l  r e p r e s e n t s  t h e  g a i n  by three-  
body recombination and the l o s s  by i o n i z a t i o n  t o  the  s e t  ?,d3v ; 
t h e  second c o l l i s i o n  i n t e g r a l  r e p r e s e n t s  t h e  g a i n  by i o n i z a t i o n  
and t h e  loss by three-body recombination t o  t h e  s e t .  
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C. Photoionizat ion and Two-Body Recomblnation Encounters 
~. The remaining n o n e l a s t i c  col-llsiun term i s  t h a t  a s s o c i -  

a a t e d  with photoionizat ion.  Physical ly ,  a photon of energy hv 
i s  absorbed by an atom I n  t h e  state j r e s u l t i n g  i n  an i o n  
i n  t h e  state a and a free e l e c t r o n .  The reverse  r e a c t i o n  i s  
when a free e l e c t r o n  and an i o n  combine with t h e  emission of 
ra i l ia t lon.  A t y p i c a l  r e a c t i o n  for t h i s  case  can be represented  

BY 
e + (Ion): 2 (Atom): + photon . (A-35) 

I n  terms o f  t h e  r e l a t i v e  v e l o c i t y  3 t h e  energy 
l n i  equat ion for this encounter i s  

where i s  t h e  reduced mass def ined by m m /(me+m ) . 
I n  e I n  I n  

We consider  only n o n r e l a t i v i s t i c  e l e c t r o n s  i n  t h i s  a n a l y s l s  
and neglec t  t h e  momentum of t h e  photons r e l a t i v e  t o  t h e  momen- 
tum of t h e  e l e c t r o n s  o r  t h e  heavy p a r t i c l e s .  Then i n  t h e  center -  
of-mass re ference  frame t h e  d i r e c t  encounter (photo ioniza t ion)  
w i l l  r e s u l t  i n  an e l e c t r o n  and an i o n  movlng i n  an a n t i p a r a l l e l  
d i r e c t i o n  a r b i t r a r i l y  or ien ted  r e l a t i v e  t o  t h e  d i r e c t i o n  of 
t h e  incoming photon. Angular momentum cons idera t ions  can be 
used t o  s p a t i a l l y  o r i e n t  these  r e s u l t i n g  p a r t i c l e s  r e l a t i v e  t o  
t h e  i n i t i a l  t o t a l  o r b i t a l  angular  momentum vec tor  of t h e  n e u t r a l  
p a r t i c l e  f o r  a p a r t i c u l a r  c o l l l s i o p .  If we cons ider  t h e  i n t e r -  
action between 8 monoenergetic photon beam and a cloud of 
n e u t r a l s  i n  t h e  state j i n  t h e  center-of-mass frame which 
a r e  n o t  po lar ized  by an e x t e r n a l  magnetic f i e l d ,  then we can  
conclude by symmetry arguments t h a t  t h e  c o l l i s i o n  p r o b a b i l i t i e s  
w i l l  be independent of the " s c a t t e r i n g "  angle  of  t h e  r e c o i l i n g  
p a r t i c l e s .  Thus, i n  any d i r e c t  c o l l i s i o n  v a j  would be t h e  
only parameter needed, i n  a d d i t i o n  t o  the  conservat ion equa- 
t i o n s ,  t o  determine t h e  v e l o c i t i e s  of  t h e  r e s u l t i n g  Ion and 
e l e c t r o n  i n  a p a r t i c u l a r  d i r e c t i o n .  
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Let gbF( v a j )  r( vaJ)dvQJdQCM be t h e  p r o b a b i l i t y  t h a t  a 
j 

n e u t r a l  atom i n  s t a t e  j 

under t h e  inf luence of v - r a d i a t i o n  of i f l t e n s i t y  r (v j j )dva j  , 
become ionized by absorpt ion of a quantum of energy hvej and 
e m i t  an e l e c t r o n  i n t o  the  angle  dn,, wi th speed v,dv ; t h e  
r e s u l t i n g  ion  w i l l  be i n  t h e  s t a t e  a wi th  v e l o c i t y  2 ,a3, 
The s o l i d  angle as soc ia t ed  with t h e  i o n  motion w i l l  be 
-daCM i n  the  center-of-mass frame. f ( v a J )  is the  s p e c i f i c  
i n t e n s i t y  of 
it is  equal  t o  t h e  product of the  r a d i a n t  energy dens i ty  a t  
tMs frequency p(v ) and t h e  speed of l i g h t  c . The number 
of e l e c t r o n s  gained by t h e  set pe r  u n i t  time p e r  u n i t  
volume a s  a r e s u l t  o f  photoionizat lon can then be represented 

and s e t  ? d3vn w i l l  i n  u n i t  time, 
"3 

&I 

'n.t 'ne' 

vQj-radiat ion i n t e g r a t e d  over a l l  s o l i d  angles5 

.4f 
?,d3v 

by 
f d3v t n ' (  vQJ)r (  vaj)dvajdQCM . ( A-37 

"J "3 
Two-body recombination, t h e  inve r se  of t h e  above encounter,  

r e s u l t s  i n  a dep le t ion  of e l e c t r o n s  from t h e  s e t .  
t i o n  of the  dynamical equat ions i n  t h e  center-of-mass frame 
w i l l  r e v e a l  t h a t  t h e  only parameter needed t o  determine t h e  
freqnency of t h e  s a d i a n t  energy i s  t h e  r e l a t i v e  speed 

'n.4 
Then, de f in ing  P j (g, ) 
t i o n  for racl ia t ive cap tu re  (two-body recombination) of an e l ec -  

t r o n  i n  t h e  v e l o c i t y  range 
vi ,d3v 
r a 8 f a t i o n  hvdj and a n e u t r a l  atom i n  t h e  set vn ,d3vn , 
w e  can w r i t e  an expression f o r  t h e  number of e l e c t r o n s  l o s t  
by r a d i a t i v e  cap tu re  f o r  t h e  r e a c t i o n  represented by (A-35) 
as - 

A n  examina- 

g . 
as t h e  d i f f e r e n t i a l  c r o s s  sec- 

G,d3v 

'na na 

by an i o n  i n  t h e  set 
-.I 

which r e su l t s  i n  t h e  emission of a quantum of 
'n.4 + 

j j 

I1 

fed3,, d3v g PiJ (ging) . (A-38) 
'n.4 'n.4 na 

E lac t ron  cap tu res  a r e  both spontaneous .and s t imulated.  
Thus P j can be w r i t t e n  as 

'n.4 

where t h e  f i rs t  term on t h e  right-hand s i d e  is the  c o n t r i b u t i o n  
from spontaneous cap tu re  and t h e  remaining term is the  c o n t r i -  . 
bution from induced capture .  

Applying t h e  p r i n c i p l e  of d e t a i l e d  balancing we can equate  
(A-37) and (A-38) a t  equi l ibr ium. 
e q u a l i t y  we o b t a i n  

U t i l i z i n g  (A-39) wi th  this 

(A-40) 
A t  equi l ibr ium t h e  d i s t r i b u t i o n  func t ions  a r e  MaxwellIan and 
' a re  given by (A-27). 
s i t y ,  given below, is Planck's black body i n t e n s i t y :  

The equi l ibr ium s p e c i f i c  r a d i a t i o n  in t en -  

[ T ( V k j )  I,, = "9"j ( 1 ) . ( A - 4 1 )  
e h v a j w l -  

The Saha equati.on (A-28) r e l a t e s  t h e  number d e n s i t i e s  i n  (A-40). 
Combining (A-27), (A-28), and (A-41) with ( A - 4 0 )  , we ob ta in  - 

-hv /Irr' 2hv3 -hv / 
H-'gi [anJ (1-e 'j ?+(+)e 'j %TfJ ]d3vd3vi = 

ne C n.4 n.4 

Since t h i s  equat ion must be independent of the  temperature 
the  following r e l a t i o n s  must hold: 

3 
n 2hv 

'n.4 na c n.4 gins ' (gi = ( .  , and (A-43) 

2 
Vej)dQcMdv.4jd3vnj = H - l L  g (9, )d3vd3v . 

2 h ~ ; ~  'n.4 n.4 n.4 'ne 
(A-44) 
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The d i f f e r e n t i a l  elements i n  {Si-&&) can he r e l a t e d  through 
the Jacobian  of the- fo l lowing  transfomatrLon: 

dQCKdv&d3vn = /a l$vd% (A-45) 
3 L k '  

To eva lua te  \.TI we make use  of thcfol%wrlng d i f f e r e n t i a l  
r e l a t i o n s h i p  which holds  far our g b h i o n i d n g  modelr 

d3vd3vi = pinl'vnj * 
n& 

When th i s  r e l a t i o n  is combined w i t t i .  (A-45). the r e s u l t  can be 
reduced t o  

dQCMdvej = \Jld3gi ( A- 46) 
na 

Since d3gin4= g:n/ginedi+,M , we can mite (A+)  as 

Then using (A-36) we c a n , f i n d  the  fo l lowing  r e l a t i o n s h i p  

Thus the  Jacobian becomes 

and (A-45) can then be w r i t t e n  as 
pi 

dQcMdvejd3vn = 2 d3vd3v . 
j 'na 

(A-47)  

With (A-47) and the  d e f i n i t i o n  of  H , Eq. (A-44)  can be re- 

where we have replaced @ by me . The va r i ab le  g on 
'na 
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t h e  right-hand side of (A-48) 18 r e l a t e d  t o  by Bq. f h - s ) .  
Equations ( A-43) and (A-48) a re  €he- &tailed balanc ing  relati6inS 
f o r  t h i s  photo ioniza t ion  encounter. 

When these  d e t a i l e d  balance expreSsior\s are in t roduced  
i n t o  the ga in  express ion  (A-37) and t h e  r e s u l t  combined Wrth 
t he  loss expression (A-39)  and then in t ek ra t ed  over a l l  - p o s s B l e  -'* 
i on  v e l o c i t i e s  we ob ta in  

veJ 

- 

.. 
(A-49)  

This equation r ep resen t s  the  n e t  g a i n  of e l e c t r o n s  t o  the- 
se t  
represented  by (A-35). On summing over a l l  poss ib l e  states 
w e  ob ta in  the  following colA3sion i n t e g r a l  for photoionization: 

?,d3v per  u n i t  volume pes u n i t  time for the r e a c t i o n  

-. 

11. The Lorentz Approximation 
I n  a uniform appl ied  f ie ld  the  d i s t r i b u t i o n  func t ion  fe 

w i l l  e x h i b i t  azimuthal symmetry about t . We take advantage 
of t h i s  symmetry and employ the  t runca ted  expansion of 
azimuthally symmetric sphe r i ca l  harmonics , otherwise known 
as t h e  Lorentz a p p r ~ x i m a t i o n ~ ' ~ ' ~ ~ .  

fe (? , t )  

f e  i n  
4 

That is, we assume 
can be accu ra t e ly  represented  by 

re(?,,) = f(lL,V,t) = zfm(v,t)P,(W) = fO(v,t)  + W f l ( V , t )  

m (A-51) 
where the P, a r e  Legendre polynomials and w i s  the cos ine  
of  the angle between 
f i e ld .  
from spherical  symmetry, i n  which case  d<< fo and the  
remaining terms i n  the  expansion a r e  neg l ig ib l e .  

* v and the d i r e c t i o n  of the  e l e c t r i c  
The Lorentz approximation i s  v a l i d  for small  dev ia t ions  
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A. Appl icat ion t o  Equation (1) 
Working wi th  s p h e r i c a l  Coordinates, we combine (A-51) 

w i t h  t h e  terms i n  Eq. (I), u t i l i z e  the  c l m p l i f i c a t i o n s  cons is -  
t e n t  w i t h  t h e  small e l e c t r o n  mass and t h e  or thogonal i ty  proper- 
t y  of Legendre polynomials, and o b t a i n  a s  a r e s u l t  t h e  follow- 
i n g  coupled equat ions f o r  f o  and f1 : 

( A - 5 3  

The f irst  two terms i n  both these  equat ions are the  d i r e c t  
r e s u l t  of applying the Lorentz approximation t o  t h e  lef t -hand 
side of (1). 

from t h e  i s o t r o p i c  p a r t  of t h e  e l a s t i c  electron-heavy p a r t i c l e  
( i o n  and n e u t r a l )  c o l l i s i o n  6 , an e f f e c t i v e  mass 
r a t i o ,  i s  def ined  as follows: 

The second t e r m  i n  t h e  bracke ts  i n  (A-52) r e s u l t s  

where 6 = 

f o r  e l a s t i c  
spec ies ,  i s  

n 

6i * ;-r %[ I: A +  c --] , 
6 

n 'n i 'i 

, and hE , t h e  mean f r e e  path 
1 mi 

(A-54) 

momentum t r a n s f e r  between e l e c t r o n s  and heavy 
def ined by 

(A-55) 1 -  1 1 - E. - +  8 - .  
h E = n  An i'i 

The mean f r e e  pa ths  f o r  momentum t r a n s f e r  between t h e  elec-  
t r o n s  and t h e  n e u t r a l  and i o n  spec ies ,  An and hi respec-  
t i v e l y ,  are g iven  by 

* A s  def ined,  6 i s  near ly  independent o f  v e l o c i t y .  
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and 

where 

(A-57) 

kTe 1/2 
= (7) i s  t h e  Debye length,  

4mee 

Te i s  the  e l e c t r o n  temperature, 

bo = (%) 
2 

is t h e  impact parameter f o r  a 90' Coulomb 
pIv d e f l e c t i o n ,  

m m  e ' is t h e  reduced mass. P i  = 
- 

9, v2 
The terms containing IP,Vl correspond t o  
p a r t  o f  t h e  e lec t ron-e lec t ron  i t e r a c t i o n s 5 .  
by 

i s  def ined 

(A-58) 

On the right-hand s i d e  of (A-52) i s  t h e  c o n t r i b u t i o n  
from a l l  t h e  nonelas t ic  c o l l i s i o n s .  This  term w i l l  be t r e a t e d  
i n  some d e t a i l  l a te r  i n  Sec t ion  I I ,B  of t h i s  appendix. 

The f i rs t  term on t h e  right-hand s i d e  of (A-53) repre-  
s e n t s  t h e  a n i s o t r o p i c  c o l l i s i o n a l  c o n t r i b u t i o n s  t o  t h e  k i n e t i c  
equat ion as a r e s u l t  of e l a s t i c  electron-heavy p a r t i c l e  en: 
counters5. 
i s  t h e  a n i s o t r o p i c  cont r ibu t ion  of t h e  e lec t ron-e lec t ron  
i n t e r a c t i o n s .  

The second term on t h e  right-hand s i d e  of (A-53) 

Wri t ten out  e x p l i c i t l y ,  i t  d 
1, V 1,- l , v  

= 8rreef f + 7 (-31 + 2 1  + 51 ) 
15v 3 s O  - 2 , ~  1,o 

0 1 1 dfo aefl 

+ - -  d2f0 ( I  + I 
5v dv2 3 , O  -2,v 

1 dfl f1 O j V  O , V  o,m + - (- - ~ ) ( 3 1  - I + 2 1  ) . (A-59) 
3v2 dv 0,o 2,o -1,v 
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The remaining term i n  (A-53) r e p r e s e n t s  the  an inot ropic  
c o n t r i b u t i o n  t o  Eq. (1) as a r e s u l t  of a l l  n o n e l a s t i c  c o l l i -  

s ions .  
below. 

0 T h i s  term, along w i t h  l a e f  /a t )NE , w i l l  be developed 

B. Applicat ion t o  Nonelast lc  C o l l i s i o n  Integrals 
It fol lows from t h e  s u b s t i t u t i o n  of (A-11) i n t o  

Eq. (1) and the subsequent opera t ions  which led  t o  Eqs. (A-52) 
and (A-53) t h a t  t h e  n o n e l a s t i c  terms i n  t h i s  l a t t e r  set of 
equat iuns can be w r i t t e n  as 

I n  t h i s  s e c t i o n  w e  w i l l  i l l u s t r a t e  how t h e  terms on the 

right-hand s i d e s  of (A-60) and (A-61) can be reduced t o  obta in  

( A-62) 
aero 

( T I N E  = (FNE-~O) + 
%E 

and 

(A-63) 

I n  (A-62) 
v,d3v 
t o  fo  corresponds t o  a loss from t h i s  set. 
e f f e c t i v e  mean f r e e  pa ths  
n o n e l a s t i c  c o l l i s i o n s  w i l l  be def ined i n  t h e  paragraphs t o  

FNE r e p r e s e n t s  a g a i n  of e l e c t r o n s  t o  the  set 
-3 v i a  nonelas t ic  encounters  and t h e  term propor t iona l  

FNE and t h e  
and gE associa ted  wi th  

5 fol low.  
We begin by cons ider ing  each type of e l a s t i c  encounter 

separa te ly :  
1. . I n e l a s t i c  and S u p e r e l a s t i c  C o l l i s i o n s  

On t h e  s u b s t i t u t i o n  of (A-51) i n t o  a t y p i c a l  

68 

term i n  (A-18), for example (A-171, and separa t ing  t h e  resu l t  
i n t o  even and odd powers of p , w e  f i n d  - 

and 

( A-65) 
U t i l i z i n g  t h e  small e l e c t r o n  mas8 approximation me/mh - 0 
here, w e  can n e g l e c t  changes i n  t h e  heavy p a r t i c l e  v e l o c i t y  
during these  encounters. 
d i f f e r e n t i a l  v e l o c i t y  elements f o r  t h e  heavy p a r t i c l e s  can  
be Interchanged. Also, s ince  f o r t h e  most p a r t  t h e  e l e c t r o n  
speeds are so  much g r e a t e r  than the  speed of the  heavy p a r t i -  
c l e s ,  we can t o  t h i s  approximation rep lace  t h e  re la t ive speeds 
i n  these  equat ions by t h e  appropr ia te  e l e c t r o n  speeds. 

Based on these approximations t h e  fol lowing r e l a t i o n -  
s h i p s  can  be shown t o  exis t  between the  angles  which descr ibe  
t h e  d i r e c t i o n  of the e l e c t r o n  motion r e l a t i v e  t o  t h e  d i r e c t i o n  
o f  t h e  appl ied  f i e l d :  

Thus i n  Eqs. (A-64) and (A-65) 

bo = cL cos x +w s i n  xo cos E 
OCM CM OCM 

and 

(A-66) kL1 = w COS x1 +\l-p E s i n  x1 COS E 
CM 'CM CM 

The ske tch  below showlng t h e  r e l a t i v e  v e l o c i t i e s  before  and 
a f t e r  a c o l l i s i o n  w i l l  halp c l a r i f y  these r e l a t i p n s h i p s .  
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I n e l a s t i c  loss$ (center-of-mass frame) 

-+ normal t o  page -# gn, i n  plane of page gn a 
J 

S u p e r e l a s t i c  l o s s :  (center-of-mass 

4 

- 

--p. 
gnk - 1 s  

4 g i n  plane of page 
"k 

J 

frame) 

-3 g normal t o  page 
"k 

Once t h e  s m a l l  mass approximatLon has been u t i l i z e d  i t  
is no longer  necessary t o  d i f f e r e n t i a t e  between center-of-  
mass and labora tory  coord ina te  frames i n  regard t o  e l e c t r o n  
motion. Thus, i n  ( A - 6 6 )  and subsequent equat ions i n  tMs 
subsect ion t h e  CM s u b s c r i p t  could be de le ted .  

mation are combined wi th  (A-64) and (A-65) and t h e  i n t e g r a t i o n  
over t h e  heavy p a r t i c l e  v e l o c i t y  i s  performed, we obta in  

When (A-66) and t h e  r e s u l t s  o f  t h e  small mass approxi- 

and 

( A - 6 8 )  

In Eq. '(A-67) t h e  fol lowing r e l a t i o n s  and d e f i n i t i o n s  hold: 

70 

(kn reduced mass) 

and 

- -  I = n ,f uik dfi . 
"k 'CM 

0 and f l  The arguments of t h e  terms f; 
same as -the arguments of s i m i l a r l y  labe led  terms t h a t  w i l l  
appear l a te r  in connect ion wi th  c o l l i s i o n a l  i o n i z a t i a n  and 
i t s  inverse .  The contex t  i n  which these  d i s t r i b u t i o n  func t ions  
are used should serve  t o  d i f f e r e n t i a t e  t h e i r  arguments. 

used here  a r e  not  t h e  

' 

I n  (A-68) AIS i s  the  e f f e c t i v e  mean f r e e  p a t h  f o r  
j k  

momentum t r a n s f e r  as a r e s u l t  of i n e l a s t i c  and s u p e r e l a s t i c  
c o l l i s i o n s t  it i s  def ined  by 

X E S ; I n + A - h - -  1 1 1 1 1 
14 ISo AISl I s jk  j 

where 

dS2 ) 
CM unJ OCM 

(A-69) 

On summing ( A - 6 7 )  and ( A - 6 8 )  over  t h e  var ious  states 
of t h e  n e u t r a l  s p e c i e s  w e  ob ta in  f i n a l l y  

(A-70) 



and - 
and 

(A-71) 

2. I o n i z a t i o n  and Three-Body Recombination Encounters 
In t roducing  t h e  Lorentz approximation ( A-51) f o r  

t h e  e l e c t r o n  d i s t r i b u t i o n  func t ion  I n t o  a t y p i c a l  term i n  (A-34), 
say (A-33), and separa t ing  t h e  resul t  i n t o  even and odd powers 
of , we obta in  

(A-72) and 

d3v d3vn + //I[wlf:fn H - l - f  (i.Lf1f~+V3fof':) ] 
42CM j j in& 

I n  (A-72) we have neglected terms which conta in  t h e  nroduct 
of two a n i s o t r o p i c  p a r t s  of t h e  e l e c t r o n  d i s t r i b u t i o n  func t ion .  
This  i s  j u s t i f i e d  on the  b a s i s  of f1 being very much less 
than fo  f o r  small devia t ions  from s p h e r i c a l  symmetry. 

Now, following t h e  t reatment  o f  (A-64) and (A-65), w e  
in t roduce  t h e  small mass approximation i n t o  t h e  above equat ions 
and o b t a i n  a f t e r  i n t e g r a t i n g  over  t h e  v e l o c i t y  of the  heavy 
p a r t i c l e s  : 

( T ) ~ ~ ~  aefo = {i l ( fofon  H-n f o )vun in& iondQ2 d3v 
i n j  n j  J C M  42CM 

J d  

(A-75) 

For t h e s e  encounters ,  t h e  fol lowing angular  r e l a t i o n s h i p s  can 
be shown t o  e x i s t :  - 

and 

w2 = L l  cos x2 CM ++." sin X2CMCOS E2CM J. 

cL4 = w cos x4  +&F-' s i n  X4CMcos E , 
CM 4CM 

cLl = cL cos x1 +p s i n  x1 cos e , 
CM 'CM CM . 

(A-76) 

The br 

represent  t h e  cos ine  of t h e  c o - l a t i t u d e  angles  subtended by 

t e r i n g  angles  are a l l  measured r e l a t i v e  t o  t h e  v e l o c i t y  
(thus, here x = ). This  v e l o c i t y  vec tor  a l s o  a c t s  

as t h e  polaF axis fo r  t h e  azimuthal angles  which are 
measclred from the plane containing ? and t h e  e l e c t r i c  f i e l d .  
When (A-76) i s  combined wi th  (A-75) the  cos E and cos  E 

,terms w i l l  not  c o n t r i b u t e  when t h e  i n t e g r a t i o n  over  these  a z i -  

s p e c i f i c  angles  E and E i s  not  important  even though 

d i f f e r e n c e s  between these  and o t h e r  angles appear i n  t h e  c r o s s  
s e c t i o n  argumen%s. Thus, the i n t e g r a t i o n  over 
f o r  small mass approximation) w i l l  r e s u l t  i n  no c o n t r i b u t i o n  3CM 

v a r i a b l e s  on t h e  lef t -hand s i d e  of t h e  above expressions 

' t h e  e l e c t r o n  v e l o c i t i e s  qr and t h e  e l e c t r i c  f i e l d .  The scat- 
? 

'CM- '"3"CM 

'CM 2CM 

. muthal angles  i s  performed. The azimuthal o r i e n t a t i o n  of t h e  

3CM 'CM 

ds3 (de =de 
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from t h e  cos E term, and s i n c e  i n t e g r a t i o n  over dSl 

and dSl i s  equiva len t  t o  an i n t e g r a t i o n  over dSl w e  
"CM 4CM 

f i n d  t h e  cos E term a l s o  w i l l  no t  c o n t r i b u t e  when these  

i n t e g r a t i o n s  are performed. 

mation has been made (here  as w e l l  as i n  t h e  previous subsect ion)  
it i s  no longer  necessary t o  cont inue using t h e  center-of-mass 
s u b s c r i p t  no ta t ion .  Nevertheless ,  i n  order  not t o  l o s e  s i g h t  
of t h e  var ious  coordinate  frames we a r e  u t i l i z i n g  we w i l l  con- 
t i n u e  t o  u s e  t h i s  no ta t ion ,  keeping i n  mind, however, that  in 
regard t o  e l e c t r o n  motion t h e  c e n t e r  of mass i s  e s s e n t i a l l y  at  
rest s o  t ha t  t o  t h i s  approximation e l e c t r o n  v e l o c i t i e s  can be 
regarded as equal  i n  e i t h e r  t h e  labora tory  o r  center-of-mass 
re ference  frames. Thus, i n  t h e  previous paragraph we were 
a b l e  t o  t reat  de as de . 

3CM 2CM 

4CM 

It should be noted aga in  t h a t  once t h e  small mass approxi-  

3CM 
Equations (A-74) and (A-75) can now be w r i t t e n  i n  t h e  

fol lowing abbreviated form: 

and 
vfl - -  
%e * 

I n  (A-77) the fol lowing d e f i n i t i o n s  are used: 

where vc = vllCM i n  t h e  small mass approximation 

(A-77) 

( A-78) 

2 2 %  ' 
where v1 =v v +v + from (A-21) , 3 pn *nj t  

i s  t h e  mear. e f f e c t i v e  a r e a  f o r  i o n i z a t i o n ,  and 

- 1 hRec a j  n <a2ngrec> . 

i s  the  "mean e f f e c t i v e  area" f o r  recombination. 
I n  (A-78) A i s  t h e  e f f e c t i v e  mean free pa th  f o r  

momentum t r a n s f e r  I R j a  caused by i o n i z a t i o n  and recombination i n t e r -  

ac t ions .  It is defined by 

(A-79) 

V h  where 

ar.d V- 

C)E summing (A-77) and (A-78) over the  var ious  states, we 
f i n a l l y  obtain:  
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and 
- 

[ A-El) 

3. Photoionizat ion and Two-Body Recombination 
Encounters 
O h  in t roducing  t h e  Lorentz approximation ( A & L )  

i n t o  ( A - 5 0 )  we o b t a i n  af ter  separa t ion  i n t o  even and odd powers 

and 

( A - 8 3 )  

When the small mass approximatioa i s  introduced i n t o  these  
equat ions and t h e  resul t  i n t e g r a t e d  over the heavy p a r t i c l e  

f0 1; ( A - 8 4 )  
Pha j 

and 
(A-85) 

where 

For  many cases  o f  i n t e r e s t  hvQj > kTe and EQ. (A-39) can 
be rep laced  i n  t h e  above equat ions by the approximation 

(A-8 '6)  

Now, i f  we def ine  FNE , ($ and SIE as fol lows;  

( A - 8 8 )  
and 

1 1 
Z (L + Z *(-- + 2: (5;  ), , ( A - 8 9 )  

.= x,j?k 'ISjk n n,a,, n n , e J j  Phi, n 

then Eqs. (A-SCI) and ( A - 6 1 ) ,  when combined wi th  Eqs. (A-70,  71, 
80. 81, 8 4 ,  and 85) ,  reduce t o  Eqs.  (A-62) and (A-63) respec t ive-  
LY. Fm , which r e p r e s e n t s  t n e  g a i n  of e l e r t r o n s  t o  t h e  s e t  
- + f  
v ,d  v frcrn n m ? l d s t i :  ef iccmtera ,  i s  COmpGSed a s  follows: 
Ire f i r s t  set of terms represent  the s u p e r e l a s t i c  and i n e l a s t i c  
ga in  terms of ( A - 1 8 ) .  
rpspon.8 to the  iof i iza t ion  m d  recombination ga in  of ( A - 3 4 ) .  
Tre remaining s a t  of  terms i n  (A-87) a r e  t h e  ga in  terms as a 
r F s u l 7  of phctoionizd?iov. hlrE(vj is an e f f e c t i v e  mean f r e e  
p a t ?  for mc;mentLm t r m s f e r  bPtween e leLt rons  and heavy p a r t i c l e s ,  
r e s u l t i n g  from nor-elast ic  ancoanters .  If t h e  nonelas t ic  c r o s s  
sec'ioqs rlLe eqergy depeqdent only,  we have %E = A&. Thus, 
we ' ar, c 3 Li 

0 processes  as r s la ' ed  + a  i s o t r o p i c  e f f e c t s .  When hNE = SIE 
cnly : c s z  (70 t k , ?  s e t ;  terms ar,pear in t h e  eva lua t ion  O f  

The second s e t  of terms in (A-87) cor- 

A& a-  e! fpc t ive  mem f r e e  pa th  f o r  t h e  nonelas t ic  

f defl/at)NE a 

Now,  if we d e f l n e  a momentum t r a n s f e r  mean f r e e  p a t h  h 
wr,irn inc ludes  a:l t r e  ~ i s s t i c  and r o n e l a s t i c  an iso t ropic  c o l -  
l i s i o n c l l  c a r t  r i b u t  l c n s  t c ?';e k i n e r i c  equat ion a s  

(A-90) 
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then  (A-62) and (A-63) can be combined with (A-52) and (A-53) 
t o  y i e l d  

and 

(A-92) 

These equat ions are Eqs.  (2)  and (3) of Sec t ion  11. 

APPENDIX B 
DEVELOPMENT OF A GENERALIZED SPITZER-HkM EQUATION 

I n  Sec t ion  IV-A-2, we found t h a t  whenever X >> 6 , cor-  
responding t o  a p a r t i a l l y  Ionized gas, and Y < 6 t h e  i s o t r o p i c  
p a r t  of t h e  d i s t r i b u t i o n  f u n c t i o n  i s  Maxwellian al though a t  an 
e leva ted  temperature. That is, fo  i s  given by 

The a n i s o t r o p i c  p a r t  of  t h e  d i s t r i b u t i o n  func t ion  i s  t o  be 
determined from Eq. (25)  which I s  r e w r i t t e n  below as (B-2): 

(B-2) y - =  dV 

If now w e  represent  f1 as a mul t ip le  of fo, t h a t  i s  
f1 = p ( v ) f o  ~ and make use of (B-1) and (A-59), (B-2) can be 
w r i t t e n  as 

p Fo 1,- l , v  *o 2 4- 8 r r e e ( f  ) D - 2e ( I  + I ) 10 VD;' -2@,vyf = - - 
-2,v l ,o  hE 3 v  

1,v l,m 

3,O -2,V 

0,v O p  -0 dD 0 d2D 
2 2,o -1,v 

+ 1 i-%,vr + f 3v 

1 e0 dD -0 YOD 0,v 0,v 0,- 

3v2 0,o 2,o -1,v . 
+ - [f - 2@,f DV - 7 ] ( 3 I  - I + 2 1  ) . 

03-3) 
The f l y s t  t w o  terms i n  (B-3) correspond r e s p e c t i v e l y  t o  the 

f irst  two terms i n  (B-2); t h e  remaining terms i n  (B-3) cor-  

resDond t o  (+I . The mean e l e c t r o n  energy i s  included i n  

(8-3) tnrough F0 En3 i s  represented e x p l i c i t l y  by Be . 
a fl 

The fol lowing i d e n t i t i e s  
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reene 0,v 0,- 

2,o -1,v B,V 
I + I  - 3 7 A  

and Fi 

- . ._ 

(B-5) reene 0,v 0,B- - 0,- 

0,o 2,o -1,v @ev 
31 - I + 2 1  = 3reene - 4 A 

where A = @ ( G e  v) -  qe v @ ' ( G e  v) 
and @(ee v) E erf(Ji5k v) , 
which'can be v e r i f i e d  a f te r  some a lgebra ,  can be used t o ,  
reduce (B-3) t o  

"ereeA d2D "eree I d D  7 + ~ [ @ - n ( 2 +  7) 1~ 
V *ev 

+ [ -  - V + 8rree?' + ($3:~ + -) 1 1 reene (- 7)" 
hg v3 BeV 

The first term on the r ight-hand s i d e  of (B-6) corresponds 
t o  t h e  lef t -hand s i d e  of  (B-2). The f i rs t  term i n  t h e  co- 
e f f i c i e n t  of D i n  (B-6) r e p r e s e n t s  t h e  s lectron-heavy p a r t i c l e  
c o l l i s i o n s .  The i s o t r o p i c  p a r t  of t h e  d i s t r i b u t i o n  func t ion  
i s  r e l a t e d  t o  t h e  e r r o r  func t ion  as follows: 

'j" 

Equation (B-7) can be 
t h e  c o e f f i c i e n t  of D 
it can be w r i t t e n  as: 

(B-7) 

used i n  conjunct ion wi th  (B-6) t o  reduce . If (B-6) i s  mul t ip l ied  by 2v3/nereeA 

80 
i 

(B-8) . 

If w* d e f i n e  a term A, as 

As 5 .+- 
Bene ee 

which i s  similar t o  S p i t z e r  and H&mIs "A", t h e  first term 
OF the  right-hand s i d e  of (B-8) becomes 

2 4  
-__I_ 2BeV As 

A '  
We now introduce some new I n t e g r a l s  def ined by 

X 2 
(B-9) In(x)  e J y%(y) e-' dy . 

0 
lheee integrals w e r e  used by S p l t z e r  and Harm i n  R e f .  12. An 
i d e n t i t y  can be e s t a b l i s h e d  between t h e  I n t e g r a l s  In(x)  and 

l ,v ,  
I from which w e  f ind:  
P.V1 

(B-10) 

and 

With these  express ions  we can rewrite (B-8) as 

(B-11) 



2x4As 16x4IO(-.) 
where R' (X)  2 - -ii- + 

$T A 
(B-14) 

I n  terms of t h e  v a r i a b l e  
becomes 

x , defined as x f JpeV , (B-13) 

(B-16) d2D dD 7 + P(x)= + Q' (x)D = R' (x)  + StX) 
dx 

wi th  p(x) and Q'(x)  def ined as follows: 

(B-17) 1 2x P(X) f [$-A(2 + - $ I F  
2x 

Equation (B-16) i s  t h e  same form as the  equat ion solved by ' 1  
I S p i t z e r  and Hgrm and t h e  terms P(x) and S(x) become i d e n t i c a l  

t o  t h e i r  P(x) and S(x) when Te = Th , which i s  t h e  case 
f o r  weak e l e c t r i c  f ie lds .  

c o l l i s i o n s  given by (A-55) can be w r i t t e n  as 
The mean f r e e  p a t h  f o r  e l a s t i c  electron-heavy p a r t i c l e  

where w e  have used 

l 1  e e  e e  x n i = ~ n e  
i i  1 

and t h e  plasma 
(B-19) Q'(x) 

1 
Q'(x)  = - 

X 

1 -  
= -2 

X 

(B-19) 

approximation of >> bo i n  (A-57) - With 
can  be written as 

The las t  two terms i n  t h e  bracke t  of (B-20) correspond respec-  
t i v e l y  t o  t h e  e lec t ron- ion  and e l e c t r o n - n e u t r a l  c o l l i s i o n s .  
Equation (B-20) can a l s o  be w r i t t e n  as 

(B-21) 

For weak f i e l d s  [Be = p ]  Q(x) , defined by 

i s  i d e n t i c a l  t o  t h e  Q(x) presented by S p i t z e r  and HSirm for 
t h e  case  when t h e i r  mean i o n i c  charge f a c t o r  equals  unity12. 
Equation (B-21) corresponds t o  ( 3 6 )  for t h e  more genera l  s i t u -  
a t i o n  o f  nonequipar t i t ion.  The t o t a l  e l e c t r o n - n e u t r a l  c o l l i s i o n  
f r e  quene y vEn(x) i s  def ined by 

vEn(X) 5 z: 1 . 
Jpe n An 

(B-22) 

When t n e  plasma i s  f u l l y  ionized Q ' ( x )  = &(x) . 
from t h e  p r i n c i p l e  of conservat ion of momentum. If w e  take 
t h e  momentum moment of (l), o r  what i s  equiva len t ,  mult iply 
(B-2) by $dv and i n t e g r a t e  over a l l  v we f i n d  

The i n t e g r a l  Io(-) appearing i n  (B-14) i s  evaluated 

4 3 r  ne V 4n- = J f l d v  . 
I n  g e t t i n g  t h i s  r e s u l t  we have made use  of t h e  f a c t  t h a t  
e l e c t r o n  s e l f - i n t e r a c t i o n s  [represented by t h e  l a s t  term i n  
(B-2)] cacnot change the t o t a l  momentum of t h e  e lec t rons .  I f  
(B-19) and fl=Dfo a r e  s u b s t i t u t e d  i n t o  (B-23), w e  ob ta in  

3r ne 
4* = neree Df' dv + J v4  X D f O  dv . n X  

With (B-1) t h i s  l as t  equat ion can be w r i t t e n  as 
2 

a* = ;I) e-x dx + /" e-x2Ddx (B.-24) 
0 0 ee "e ee e 

(B-20) 
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I .  Where we have made use O f  t h e  e lec t ron-v lec t ron  and t o t a l  

d e f i n i t i o n s  of Io(=) -and--As -enable u% t o  write (B-24) as 

3-h m V  En e-x' 

. I  
. -  e l e c t r o n - n e u t r a l  c o l l i s i o n  frequencieo def ined e a r l i e r .  The - 

DdX . (B-25) I O b )  = A, - I - 'ee 

For a f u l l y  Ionized g a s  ( s i n g l e  ion ized)  t h i s  reduces t o  
S p i t z e r  and H&rm's result. 

With (B-25) R' Ix) can be' w r i t t e n  as 

16x' 6 2 'Encx) 
R'(x) = R(x)  - - (1- 'F; X ) I e-' Ddx (B-26) 

3JA 0 
where R(x) is defined by 

2 . 4 ~  6 As 

R(x) f - 
For weak e l e c t r i c  f i e l d s  t h i s  R(x) is i d e n t i c a l  t o  t h a t  
given by S p i t z e r  and H&m12 when their  mean ionic charge f a c t o r  
equals  un i ty .  
more genera l  case  of nonequipar t i t ion .  
ion ized  R ' (x)  = R(x) . 
e f f e c t s  are being considered, can be  der ived for both weak and 
s t r o n g  f i e l d s  i n  a manner analogous t o  t h a t  o u t l l n e d  above by 
simply r e p l a c i n g  hE by h throughout t h e  ana lys i s .  

Equation (E-26) i s  equiva len t  t o  (37) f o r  the 
When t h e  plasma i s  f u l l y  

Equations (57) , ( 5 8 ) ,  and (59) , appl icable  when n o n e l a s t i c  

APPENDIX C 
COMPUTATION PROCEDURE 

Equations (42, 30, 41, 4, and 6) f o r  fo , f1 , t h e  
conduct iv i ty ,  t h e  c u r r e n t  dens i ty ,  and the e l e c t r o n  temperature 
aiong wi th  t h e  energy equat ion  and the Saha equat ion  have been 
programmed i n  FORTRAN IV and solved by an i t e r a t i v e  technique 
on the  Stanford IBM 7090 d i g i t a l  computer i n  t h e  reg ion  where 
X << 1 on Fig. 1. The program evalua tes  t h e  above q u a n t i t i e s  
based on t h e  plasma cons t i tuents ,  t h e i r  energy-dependent c r o s s  
sec t ions ,  t h e  gas  temperature, t h e  t o t a l  pressure,  and t h e  
s t r e n g t h  of t h e  appl ied  f i e l d .  The e l a s t i c  c o l l i s i o n  cross 
s e c t i o n s  used i n  the  c a l c u l a t i o n s  were obtained from Refs. 
2 4  (argon)  and 25 (potassium, helium). 

of  the  e l e c t r o n  temperature based on a sinple energy balance 
and t h e  Saha equation. 
eqdatior. was evaluated a t  a guessed Te t o  obta in  ne . This  
e l e c t r o n  number d e n s i t y  was used, a long w i t h  t h e  t o t a l  p ressure  
and the  seed f r a c t i o n ,  t o  determine, v i a  Dal ton ' s  law of p a r t i a l  
p ressures ,  t h e  number d e n s i t i e s  c f  t h e  remaining plasma c o n s t i t -  
uents .  These r e s u l t i n g  number d e n s i t i e s  were then used with a 
Yaxwellian d i s t r i b u t i o n  func t ion  ( a l s o  evaluated a t  the  guessed 
Te) i n  t n e  energy equat ion (39) t o  c a l c u l a t e  a new e l e c t r o n  
temperature. This  new temperature rep laced  t h e  guessed Te 
and t h e  c a i c u l a t i o n  repeated u n t i l  convergence was obtained 
i n  Te . 
assumed t h a t  
temperature i s  t h a t  obtained i n  t h e  previous paragraph. We 
then c a l c u l a t e d  a f i rs t  approximation f o r  f o  and Te . 
t h i s  c a l c u l a t i o n  No was determined by normalizing fo  t o  
t h e  e l e c t r o n  number d e n s i t y  (obtained v i a  t h e  Saha equat ion  
evaluated a t  t h e  assumed Te ), and Te was obtained through 

( 6 ) .  

The procedure was t o  f i r s t  make a c o n s i s t e n t  c a l c u l a t i o n  

I n  making t h i s  c a l c u l a t i o n  the  Saha 

Next, t o  eva lua te  t h e  exponent ia l  i n  (42) for fo, we 
fo was a Maxwellain at  Te where t h i s  e l e c t r o n  

I n  

If t h e  newly 2a lcu la ted  values  of fo  and Te did not  
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agree t o  within 1% ( a t  every value of t h e  e l e c t r o n  speed) and 
0.1% r e s p e c t i v e l y  of t h e i r  assumed values ,  t h e  c a l c u l a t i o n  was 
repeated with t h e  i n i t i a l l y  assumed values  of 
being replaced by t h e  first approximations. This  i t e r a t i v e  
procedure u t i l i z e d  the  Saha equat ion and Da l ton ' s  law of p a r t i a l  
p re s su re5  f o r  a given seed f r a c t i o n  and t o t a l  pressure,  t o  
determine t h e  spec ie s  number d e n s i t i e s ,  i n  conjunction with 
(42) and ( 6 ) .  The i t e r a t i o n  continued u n t i l  convergence t o  
wi th in  t h e  aforementioned c r i t e r i a  i n  Te and fo was obtained. 
An energy balance (39) was used t o  check on t h e  r e s u l t s .  
c o n s i s t e n t  r e s u l t s  were achieved, the  des i r ed  p r o p e r t i e s  were 
c a l c u l a t e d  us ing  Eqs., (30) ,  (4), and (5). 

computations, Simpson's r u l e  f o r  numerical i n t e g r a t i o n  was 
used wi th  a s t e p  s i z e  f o r  the  e l e c t r o n  speed i n  (eV)1'2 of 
5 x The i n t e g r a t i o n  was performed over t h e  e l e c t r o n  
speed range of 0 t o  5 (eV)1'2. 
l a r g e r  s t e p  s i z e  did not  no t i ceab ly  change the  r e s u l t s .  
c a l l y  for the  same cons t i t uen t s ,  t o t a l  pressure,  and gas  t e m -  
pe ra tu re ,  l e s s  than a minute of  computer time was required t o  
ob ta in  r e s u l t s  of fo, Te, 0, and je f o r  a given f i e l d  
s t rength .  

During t h e  e a r l y  course of  t hese  c a l c u l a t i o n s  it w a s  

Te found t h a t  whenever fo was very c l o s e  t o  Maxwellian 
remained e s s e n t i a l l y  unchanged, within the  t e s t  c r i t e r i o n  of 
t h e  computer, even f o r  a g r e a t  number of i t e r a t i o n s .  For 
these  cases  it was necessary t o  employ an energy balance t o  
ob ta in  t h e  e l e c t r o n  temperature . This  p e c u l i a r i t y ,  which 
for these  cases  is a r e s u l t  of  the  dominance of the  e l ec t ron -  
e l e c t r o n  i n t e r a c t i o n  terms i n  (42) ,  l ed  t o  the  o rde r ing  of 
the  c a l c u l a t i o n  a s  ou t l ined  above. By performing t h e  simple 
energy balance c a l c u l a t i o n  first we obtained r ap id  convergence 
f o r  fo and Te whenever the  d i s t r i b u t i o n  funct ion was 
Maxwellian. No convergence d i f f i c u l t i e s  were encountered 
when fo was non-Maxwellian. 

fo and Te 

Once 

I n  performing t h e  i n t e g r a t i o n s  a s soc ia t ed  with these  

Test  c a l c u l a t i o n s  with a 

Typi- 

* 

I 

* 
A similar approach was used i n  Ref. 18. 
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